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A TREATISE 


ON 

ELEMENTARY TRIGONOMETRY. 


CHAPTER I. 

DEFINITIONS, ETC. 

I. Tlie Mumerical Measure of any quantity^ 
such as an angle, a line, ts the ratio it hears to a 
ctrtain standard quantity of the same kind as itself, 
called the Unit, Thus, the numerical value of an 
angle is its ratio to the angular unit. The numeileal 
7 )alue of a line is the number of linear units (such as 
feet, &"€.), which it contains. 

MatEeraatics are occupied with quantities, that is, vnihthings 
that can he measured; and each branch deals with a special 
kind. Thus, Trigonometry primarily treats of calculations con¬ 
cerning lines and angles, and, in order that these may become 
subjects of computation, it is necessary to show howto measure 
them. 

z. There are two methods of measuring angles: 
1°. The sexagesimal, which is used in practical appli¬ 
cations, such as Astronomy, Navigation, &c. 2°. The 
circular employed in Theoretical Trigono¬ 

metry, and in the various branches of Analytical 
Mathematics. 


B 






DEFINITIONS. 


3. Tlie ^exagesluial Method.—In this method ' 

a right angle is divided into 90 equal parts, called 
degrees: a degree into 60 equal parts, called mi¬ 
nutes: a minute into 60 equal parts, called seconds. 
These are indicated by the symbols Thus, 

20® 25' 30" denotes 20 degrees, 25 minutes, 30 
seconds. 

4. A third method, called the centesimal^ was intro¬ 
duced in France at the time of the Revolution. In 
this method the right angle was divided into 100 
parts, called grades: a grade into 100 parts, called 
minutes 2 a minute into 100 parts, called seconds. 
These sub-divisions are denoted by the symbols 
^ \ Thus, 32^, 14, 57". This method is now 
disused; but candidates at Civil Service Examina¬ 
tions are sometimes questioned on it. 

5. Comparison ot tlie l§exa^esflmal and 
Centesimal Measfureg of an Angle. 

Let A denote the angle; G the degrees and 
grades ^respectively contained in it; then, since a 
right angle contains 90 degrees, 

A : a right angle : : i? : 90. 

In like manner, 

A : a right angle : , G i 100. 

Hence i) : 90 :: G : 100 ; 

therefore Z): G :: 9 : lo. 



DEFINITIONS. 


3 


Exercisks.—L 

1. Find the number of degrees in the vertical angle of an 

isosceles triangle, each base angle of wliich is dcniblc of the ver* 
tical. 36”' 

2 . How many grmles tloes a side of a regular hexagon sub¬ 
tend at the centre of the circumscribed circle ? Jm\ 66 |^. 

3. If m, /A denote the nundjer of minutes in the Hiixagesimal 
and centeHimal measures of an angle; prove //i : ^ : 27 : 50. In 
the same case, if .r, cr denote the seconds, prove 4*: <r:: Ht : 250. 

4. The sum of two angles is He/, and their dlffcreiiee iK’. 

Find each angle. Am. 45*, ay"*. 

5. How many degrees does a side of a regular octagon sub¬ 
tend at any point of the circumHcribcd cirdt* ? A ms. 22§'\ 

If the number of the sides of two regular polygons be m 
Ml I and the number of grades In an angle of mm ec|ual to 
the number of degrceiii in an angle of the tdher ; prove 

20 iH 
m 

7. Hence show that there are ii palfi of regular polygons 
which satisfy the condition, that the iiuriil^r of gradci in m 
angle of one is ecjiial to llie riumlicr of dogretfs In an aitgk* of 
the other. 

Am. The following are the rorrcsponilirig valufi #f m 
and 5, 6; H, 12; 10,18; 11,22; 12,27; 

14, 42; 15, 54; 16, 72; 17, 103 ; 18, lbs I 
i<l, 342. 





4 


DEFINITIONS. 


Dem.— lL.ttAC be any arc, and denoting its length 
by a, and the correspond¬ 
ing central angle AOC by 
A ; then, be the an¬ 

gular unit, since angles at 
the centre are proportional 
to the arcs on which they 
stand (Euc. VI. xxxiii.), 
we have 

AOC : AOB :: arc AC : arc AB, 
or A : 1 :: a : I, 

Hence A = a. (q, e. d.) 

The use of the unit circle in Plane Trigonometry very much 
simplifies the definitions. In employing it I have followed the 
analogy of Spherical Trigonometry, in which the great circles 
are described on a unit sphere. 

8 . The circular measure of the angle subtended at the 
centre of a circle of radius r, hy an arc whose length is 

. a 

a, u 

r 

Bern. —Let X, X' be two 
circles, whose radii arer 
and i; AC, A'C two cor 
responding arcs; then, since 
arcs subtended by equal 
angles at the centres of dif¬ 
ferent circles are propor¬ 
tional to the radii of the circles (Euc. VI. xx., 
Ex. 12), we have 

OA :OA^ :: AC : A'C', 
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or ri 1 w a \ A'C; 

therefore A'C^ = ~ ; 

r 

but A'C is the circular measure of the angle AOC- 

Hence — is its circular measure. 
r 

9. CoBupariiSOBi of* tlie l^exagesimal amd 
Ctreular Metliodis. 

If TT denote the ratio of the circumference of 
a circle to its diameter, then (Euc., note G) 
TT = 3.1415926, and 2x will be the arithmetical 
measure of the circumference of the unit circle. 
Hence, because the circumference of a circle sub¬ 
tends four right angles at its centre, is the cir¬ 
cular measure of four right angles; that is, four 
right angles in sexagesimal measure are equal to 
27 r angular units. 

Cor, I. —The number of seconds in the angular unit 
is 206,265, nearly. For, let x denote the number of 
seconds in one unit of circular measure, then zttx is 
the number* of seconds in 27r units; that is, in four 
right angles* Hence 

ZTtx = 360.60.60 = 1296000; 

therefore « 206265 nearly. 

Cor, 2.—If a denote the length of an arc of a 

<2 

circle, and r the radius; then - is the circular mea- 

r ^ 

sure of the corresponding angle. Hence (206265) - 

is the number of seconds in it. 
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Exercises.—II. 

1. Find the circular measure of the following angles:— 

1st. A right angle ; 2nd, an angle of 135°; 3rd, 45°; 4th, 60° 

5th, 75°; 6th, 11° 15'; 7th, 67-1°; 8th, 15°. 

TT 3’*' W TT 5^ 3Tr TT 

.^ftS • J y **" y y ' y j Z • 

2 4 4 3 12 16 8 12 

2. Find the circular measure—1st, of the angle of a regular 

pentagon ; and, the angle of a regular octagon ; 3rd, the angle 
of a regular dodecagon. nt ir 

A flS . ! — I ~ . 

S 4 6 

3. Prove that the number of French minutes in the angular 
unit is 6366.2. 

4. Prof. Airy has found that the earth’s semidiameter, which, 
is 3963 miles, subtends at the moon an angle of 57''3".i6, 
Find the moon’s distance. 

With the centre of the moon as centre, and the earths dis¬ 
tance as radius, describe a circle; then, if r denote the radius 
of this circle, we have {Cor. 2) 

(206265) 5^ = 3423.16. 

Hence r = 238793 miles. 

5. The moon’s diameter subtends at the earth an angle o€ 
1868". Find her diameter in miles. 

Let X be the moon’s diameter, then we have (6hr. 2) 

206265 . —= 1868. 

^ 238793 

Hence, x = 2152 miles. 

6. It has been found, by the transit of Venus in 1882, that 
tlie earth’s semidiameter subtends an angle of 8".82 at the sun. 
Find the sun’s distance. 

If X be the distance, we have {Cor. 2) 

206265 . = 8.82. 

Hence, x = 92678844 miles. 

7. Find the length of an arc of 10" on the unit circle. 

Ans. .00004848. 

8. The angles of a triangle are in AF, and the number of 

degrees in the common difference : circular measure of the 
greatest :: 60 : tt. Find the angles. Ans. 30*, 60®, 90*^. 
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QUESTIONS FOR EXAMINATIONS 

t. What are the subject matters of Mathematics ? 

Ans, Quantities, or things that can be numbered, weighed, 
or measured. 

2. How are Mathematics divided ? 

Ans, Each branch deals with a separate kind of quan¬ 
tity. 

3. What is Trigonometry occupied uatli 

Ans, Primarily with calculations relating (0 trianglei. 

4. What is meant by the numerical meaiure of my quantity / 

Ans, The ratio which it hears to the unit of that quan¬ 
tity. 

5. What is meant by the unit of any quantity ? 

Ans. A certain porthm of it mdilch Is, by coiiveiiiioii, 
adopted m the Ktandard for tiieasiiring with* 

6. What is the unit of linear measure ? 

Ans, In these countrien ifie foot ; m France flu' finlrc, 

See, 

7. How many methods of mesiurifig aiigks are in me r 

Ans. Two: the tlit? unit of wifcli k ill© 

de^ee; and the circular tiieilifid, ihii tialt of 
which l» called the ittiguliir tiiiif. 

S* What is meant by a unit circle ? 

Am. A circle whoiti radta* tinify. 
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9. What is the angular unit ? 

Ans. The angle subtended at the centre of the unit 
circle by an arc, whose length, if straightened, 
would be equal to the unit of linear measure. 

10 . What is the circular measure of any angle equal to ? 

Ans. The length of the unit circle by which it is sub¬ 
tended. 

11. If the circle be not a unit circle, what is the circular 

measure expressed by? 

Ans. The ratio of the length of its subtended arc to 
the radius of the circle. 

12. What does the Greek letter tt denote in Trigonometry f 

Ans. The ratio of the circumference of a circle to its 
diameter. 

13. What is the numerical value of ir ? 

Ans. 3.1415926 . - ♦ 

14. What is meant by saying % is incommensurable ? 

Ans. That it cannot be expressed as the ratio of any 
two whole numbers. 

15. What special angle does ~ denote ? 

Ans. A right angle. The meaning is, that ~ angular 
units is equal to a right angle, 

16. In what measurement of angles is ir always used ? 

Ans. In circular measure. 




CHAPTER II. 

DIRECT CIRCULAR FUNCTIONS. 


Section L —Circular Functions of Acute Angles. 


lo. liABC be a right-angled triangle, having the 
angle ACB right; then, 
denoting the angles by 
the capital letters A, 

By Cy respectively, and 
the three sides opposite 
these angles by the cor¬ 
responding small italics, ^ 
a, h, c, we have the fol¬ 
lowing definitions :— 



sine Ay 

a 

contracted into sin ^ 

c 

(0 

cosine-^ 4 , 


A ^ 

cos A 

c 

(^) 

tangent Ay 

jf 

A ^ 

tan A = y. 

0 

( 3 ) 

cotangent- 4 , 

ff 

A 

cot A - 

a 

(+) 

secant- 4 , 

jf 

A C 

sec A = r* 

0 

( 5 ) 

cosecants, 


A C 

cosec A = 

a 

(6) 


The student should carefully commit to memory 
^tll& foregoing equations or definitions, as upon them 
is founded the whole theory of Trigonometry. 
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DIRECT CIRCULAR FUNCTIONS. 


Exercises.— III. 


Calculate the circular functions, sine, cosine, &c., of the 
angle A in the right-angled triangles whose sides are respec¬ 
tively equal to—1°. 8, 15, 17; 2°. 40, 9,41; 3°. 196, 315, 371; 
4°. 480, 31, 481; 5°. 1700, 945, 1945; 440, 279. 521; 

7°. 240, 782, 818. 


Ans, 1°. sin A 


8 

"17' 


8 


sin^ 


.40 

'41’ 


tan A = —, &c.; 2°. 

15 

tan.4 = — , &c.; 3°. sin^ = — , tan^ = — ,&c.; 
9 53 45 

tan^ = See.; 6°. sm^ = —, tan^ = —, &C.7 

189’ 521’ 279 

7°. sin^ = —, tan^ = — &c. 

409 391 


II. By adding the sum of the squares of equa¬ 
tions (i), (2), we get 

+ 3* 

sin ^.4 + cos ^.4 = —5— = I. (Euc. I. xlvii.) 

(r 

Hence sin^^ + cos®^ = 1. (7) 


Again, squaring equation (3), and adding i to both sides, we 
get 


I + tan 2 A 


^ ^ “ 5s ~ p ’ 


and jfrom (5) we get sec^ A = 

Hence i + tan^.^ = sec^A. (8) 

In ^cactly the same way, from equations (4) and (6), we get 
i + cot2 A = cosec® A. (9) 

Also, taking the products of the three pairs of equations, 
(i) and (6); (2) and (5); (3) and {4), we get the three equa¬ 
tions 


sin.4 . cosecA = i, 
cos A . sec^ S= Ij 
tan A . cot ^ = t. 


(10) 

(11) 
(>*) 



CIRCULAR FUNCTIONS OF ACUTE ANGLES, ir 

Hence the three functions, cosec A, sec A, cot A, are the 
reciprocals of the three functions sin^, cos A, tan A, respec¬ 
tively. 

Again, dividing (r) by {2), and comparing with (3), we get 


^ . sin A 

tan A = --. 

cos A 

(* 3 ) 

In the same manner, cot A = . 

. sin ..4 

(H) 

Exercises.-—-IV. 


In a right-angled triangle, given— 



X. 

a =r -1- 

h = '^2mn^ calculate sin^. 

-. 

m -{-n 

2. 

a = 2mn^ 

b szm? ^ calculate cos A, 

Ans, 

3 - 

a S3 — zmn^ 

b S 3 n, calculate sec A. 

. m — n 

Ans, ——. 
n 

4 - 

a = \/fn^ 4. mn, 

c=smi- nj calculate tan A. 

v mn + 

5 - 


c s: calculate cot A. 

Ans. 

6. 

b szlm-^rn. 

P 

c sz In calculate cosec A, 

Ans. /«— 

Vn* - 

7 - 

smAsz^, 

5 

c = 200.5, calculate a. 

Ans. 120.3, 

8. 

cos A = .44, 

tan A = —- 
3 

c = 30.5, calculate b. 

Ans. 13.420, 

9 - 

,27 

^ calculate 


II 
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DIRECT CIRCULAR FUNCTIC 


Def. —The difference between an anglt 
\ etngle is called its complement, 

i 12. If in the right-angled triangle A 

we interchange the letters, we get fror 
1 lowing equation :— 

. sin B = but cos A — - fro 

Hence ^ ^ 

cos ^ = sin ^; but B is the compler 

Therefore the cosine of an angle is eqt 
of its complement. 

Similarly, the sine of an angle is equal i 
its complement. 

The tangent of an angle is equal to th 
its complement. 

The secant of an angle is equal to the 
complement. 

The cotangent of an angle is equal to . 
its complement. 

The cosecant of an angle is equal to th 
compliment. 

Exercises.—V. 

r. Prove tan A smA-\-cosA= sqcA. 

2. ,, (sin A + cos A) -r (sec A + cosec A ] 

3 . ,, cotAcosA + ^A=^coBtcA. 

4. ,, (tan A - smAy. + (I - cos Ay = (s 

5. „ (sin A + tmA) ^ (cot^ + cosec A 

6. ,, tan^ + cot^ = sec^ cosec-4. 

; 7. „ (I - tan Ay + (i - cot Af = (sec ^ 

O ^‘+sin^ 1+secA _ ^ 

” I+C0S.4* I + C06^^ 

9. „ (t 4 tan A) (i 4 - cot A) » 

sin A cos A. 

,, (i 4tan^)2+ (i + cot Ay ^ {soCj 6 


10, 



CTRCITLAR functions of AVUTK AXCiLFS. tj 


13 . Qrapliical Metliaii aC liniliiig all tlie 
ITrlgaiiaiiietrleal Faiietleiis wiie« mme In 

^iven. 

This method will be understood from the follow¬ 
ing examples 


F'x. I .—To express al! ihe circular functions §/ am 
angle in terms of its sine. 

Sol —Denoting the sine by s, constnict a right- 

angled triangle A£C, 
having the hypoteniise 
AB=^ I, the side BC^S; 

then 

BC^A£~'ir=s; 

but jBC t BA ^$m A. 

Hence sin A ^ i. 

Again, B(P 

therefore AC » 



I - ; 


bnt 


cos^l 


AC^ 

'Air 


Hence cos J F"* hih'^ 

BC 


Again, 


tan J i 


AB' 


Hence tan A « ~;1 •* - ; 

I « / I -TiiFj * 

and so on for the other functions* 

Ex* t.—To express all ike cmmlmr fufuimm m iims 

of ike 
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DIRECT CIRCULAR FUNCTIONS. 


Sol .—Denoting the tangent by /, construct a right- 
angled triangle ABC, ^ 

having the side ^6* = I, ^ 

the side CB = t ; then 

t 

BC ^AC = l^i=l; 
but 

BC ^AC^X^jiA^-, ^ I c 

therefore tan A = 1. 

Again, AB^ == AC^BC^ = i ^ t\ ' 

Hence AB = \/i +1\ 


therefore sin -4 = 


v^i + ^I \ tan*.4 


cos A = —— = ■ = . ' 7 = ==.^ , &c. 

AB 1 4 - \/1 -f tan* A 

Observation .—^In these constructions it is seen that the func¬ 
tion which is given is put as a fraction whose denominator u 

s t 

unity. Thus, in Ex. i, sin .^4 = -j; and in Ex. 2, tan^ = 


Exercises.—^VL 


Given sin .4 * —, calculate cos . 4 . 
13 


Am, COB A s= A. 


tan .<4 = calculate mi A. 


Am. »n A « 



CALCULATION OF RIGHT-ANGLED TRIANGLES. 15 


3 - 


6 . 


zmn , , . . ^ 

(riven mijt = „.calculate tan 


^4/IS, UmJ- 


zm/i 

m'^ - 

cosec A ~ 5, calculate sec A, tan A, 

Am, sac A s: -. 5 -.-; tan^ a 

2 s /6 z Vci* 

hccu 4 = calculate cot .4. 

9 

40 0 
Am\ sin A = L.,. cot ^ 

41 40 

8 

cot ^ s= , calciilat€* sec*, /, sin A . 

15 




* *7 s ^ ^ 

Hcc /I « ,, ; sin /I . 

H 17 


Section II.—C^/a/Za/wi 0/ RigkUangkii'friangks. 
14, If the equations (i), (2) be clored of frac¬ 
tions, we get a'^c Bin 1 * - e cm A. (15) 

ffence any side of a right-angled triangle is re/imi la the 
hypotenuse muUipikd by the sine of the opposite angle^ 
or by the mine of the adjacent angle. 

Again, from equation (3) we get 


a « b tan A ; 

or, by Art. 12, ^ ^ cot M. (16) 

Ifemt% any side of a righUangM triangle is iqml to 
ihe other mide multiplkd by the imgeni of th oppiite 
■ angk^ or ihe oolmgmt of the mijmml mgk» 

15. There are four cases of right-angled trianglei— 

I. Given the hypotenuse and one side. 

II. ,, the hypoleaiise and one angle. 

HI. „ one side and cither angle. 

rr. „ two sides* 
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Case I .—Given c and it is 

From equation (i), 

sin — 
c 

Hence A may be found from 
which is the complement of 
3 can be calculated from the ecj’* 

3 =: 


Exercises.-—^ 

1. Given c *» 240 yards, a =» 137.^^ 

Ans, A = 

2. „ ^:= 150 yards, = 51.303 

Am. A 5= 

3. „ ^ = 250 yards, == 157.33 

Ans. A s=s 

Case U .—Givm c and Ay to ^ 
From Art. 14, 

a^c sin.^^ h »= t 

Hence a, b are found, and thie 
plement of A. 
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Case III.— Given a and A, it is required to find 


b, c, B. 

By Art. 14, 
Hence 
and 


a -h tan-^4. 
h = a cot A, 
a - c sin^. 


Hence 


_ ^ 

^ sin 

B = A. 


Exercises.— IX. 

1. Given a = 520, A = 36% find b, c, B. 

Ans. b-yis.yz; c = 884.676. 

2. „ a = 4340, A = 32°, find b, c, B. 

Ans. h - 6945.45 ; c = 8189.927. 

3. „ a = 2160, A = 30*^, find b, c, B. 

Am. b = 3741.23 ; == 4320. 

Case IV. — Given a and b, it is required to find 
c'^ A, B. 

By Art. 14, tanA=^. 

o * 

HEence A can be calculated, and 

B = 90° - A, 

and c = 



Exercises.—X. 

i. Given 

a = 300.43, b = 500, find A, B, c. 


Ans. =531®; 59**. 

2. „ 

a = 840.25, h = 1:200, find A, B, c. 


Ans. u^«35^ 

3* >» 

a = 225.1, b = 250, find A, B, c. 


Ans. A ss ^2^; Bss 48®. 


C 
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QUES770NS FOR FXAM/NA770m 

1. How many parts in a triangle ? 

Ans. Six, namely, three sides and three angles. 

2. How are they denoted by letters ? 

Ans. The three angles by the capital letters A, A, C, 
and the sides opposite them by the corres|>ontl- 
ing small letters. 

3. If the triangle be right-angled, by what letteri k the right 

angle denoted ? 

Ans. By the capital T, and the hypotenuse by c. 

4. Name the direct circular functions of an angle. 

Ans. Sine, cosine, tangent, cotangent, secant, and 
cosecant. 

5. Name the circular functions which arc redprocalsfifotherH. 

Ans. The cosecant is the rcciprcM'iil of Jane, llie secant 
of cosine, and the cotangent of taitgcnt. 

6. What is meant by the complement of an aiific ? 

Ans. See page 12 . 

7. What is the relation l>etween the ftinctions of aa angle 

and the functions of Its complcitient ? 

Am. The cosine of an angle li ci|«al to the iiiii* rif Us 
complement; the eotangeiit <*f an angle is ef|iial 
to the tiingent of its compknieiit; mi the co¬ 
secant equal to the secant of its ccwplemcul. 

$. What is the preix * ca ^ In their techiiictl ttrini i coti* 

traction of? 

Am, A contractioii of compIemeiiL 11w% mmm 
means complement iia. 
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Section II .—General Definitions of Circular 
Functions. 

16. Before commencing the general theory of 
circular functions, it is necessary to explain the con¬ 
ventional use of the signs'/Zz/^ and minus in Trigo¬ 
nometry. The application is twofold, namely, to 
right lines and arcs of circles. 

1°. Application to right lines. 

Let two perpendicular right lines BB' inter¬ 
sect in the point O, which is the origin from which 
all lines are measured; then every distance measured 



on A^A to the right of < 9 , such as OP^ is positive, 
or +; those to the left, such as OP\ arejnegative, 
or Again, a line measured parallel to BB* is posi¬ 
tive, or +, if it lie above A^A^ such as iW, P'M'\ 
negative, or -, if below, such as PN^ P' 2 V\ 
nP. Application to arcs of circles. 

Let a fixed point A on the unit circle be taken as 
c 2 




r 
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the origin from which all arcs are measured ; then^ 
if we agree to consider an 
arc described by a variable 
point Py moving in the di¬ 
rection indicated by the 
arrow as positive, an arc 
described by a point start¬ 
ing from A, and moving in 
the opposite direction, must 
be regarded as negative. 



17. Cceiaeral Expression tor Arcs terminat- 
iiA^ in tlEe same Point. 

If the variable point starting from A describe the 
entire circumference of the unit circle n times in 
either direction, and afterwards describe once the 
arc APy which we shall denote by By it is evident 
that the whole arc described by the point from the 
commencement of the motion is zmr -f 0 , where n is 
positive or negative according to the direction of 
motion while the point is describing the n circum¬ 
ferences. Hence we have the following theorem:— 
If the arc AP he denoted ly By and n he any integery 
positive or negativCy znir + 0 is the general expression 
for all arcs terminating in the point P. 

Def. I. —The four parts into which the perpendicular 
diameters AA', BB' divide the circumference of a circle 
are called quadrants. The quadrants are named the 
firsty second, thirds fourth, respectively. 

7t 

Def. II. —Two arcs whose sum is are said to he COM- 

2 

PLEMENTTS ef each other; and two arcs whose sum is ir 
are said to he supplements. 

From these deinitions it follows that, if an arc be 
greater than a qtiadrant, its complement is negative; 
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and if greater than a semicircle, its supplement is 
negative. 

18. liefiiiitloiis of*tlie Circular Fiiectioiis. 

Let OA, OB (figs, i, 2, 3, 4) be two rectangular 
radii of the unit circle; P any point in the circum¬ 
ference ; join OP, and produce it to meet the tan¬ 
gents to the circle at A and B in the points T’and 



S\ at P draw a tangent to the circle, meeting OA, 
OB produced in the points K\ lastly, from P 
draw PM, PN perpendicular to OA, OB, If B de¬ 
note the arc AP^ then 

PM is called the dne of the arc contracted into 
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OM is called the cosine of the arc contracted 
into cos B. 

AT is called the tangent of the arc 0 , contracted 
into tan 

BS is called the cotangent of the arc contracted 
into cot 0 . 

OJ is called the secant of the arc contracted into 
sec B. 

OK is called the cosecant of the arc contracted 
into cosec B. 

MA is called the versed sine of the arc B, con¬ 
tracted into versin B. 

NB is called the coversed sine of the arc B^ con¬ 
tracted into coversin B. 

The circular functions called versed sine and coversed sine 
are not much used, and the student may omit them. 

19. Since (6) any arc is the measure of the cor¬ 
responding central angle, the foregoing functions of 
the arc 9 are also functions of the angle B, and are 
expressed by the same notation. In the following 
verbal enunciations what is meant by a line is its 
arithmetical measure; that is, the ratio of its length 
to the linear unit:— 

1°. The sine of an arc is the perpendicular drawn 
from its extremity on the diameter which passes through 
the origin. 

2°. The tangent of an arc is the line drawn touching 
it at the origin^ and terminated hy the diameter passing 
through its extremity. 

3°. The secant of an arc is the portion of the diameter 
passing through the origin intercepted httween the centre^ 
and the tangent at tlm extremity of the arc. ' 
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4®. Since the lines PN or OM^ BS, and OJ are 
respectively the sine, tangent, and secant of the arc 
BP, which (11. Def. ii.) is the complement of AP, 
we see that the cosine, the cotangent, and the cosecant of 
an arc are respectively the sine, the tangent, and the 
secant of its complement. 

It is easy to see that this method of defining the circular 
functions of an angle is equivalent to that of Art. ro, when the 
angle is acute. For if the angle POM (fig. i) be equal to the 
angle BAG (fig., Art. 10), the triangles POM, BAG are equi¬ 
angular. Hence BG ~ AB = PM -r OP\ but PM -f OP is the 
arithmetical measure of PM, since OP is the linear unit. Hence 
BC ~ AB is equal to the arithmetical value of PM, and there¬ 
fore both methods of defining the sine are equivalent; and the 
same may be shown for the other circular functions. 

The method by the right-angled triangle, however, is inap¬ 
plicable to any but acute angles, without an embarrassing 
a.mount of explanation. 

xo. BLelatlon 'feetweeii the CIreiilar Fame- 
ttons of 0,11 Alible. 

Let 0 represent the positive arc . 4 /^ (figs. 1,2, 3,4); 
then we have 

OP - 1, sin^ = Plkf, cosB = 03 f, sec^ = OP, 
cosec 0 = OJKi, tan B - AT, cot B = BS. 

And since the triangle 03 dP is right-angled, we 
have 

PM^-vOM^^ 0 P\ 

Hence sin^^ + cos'^^ = r. {Comp. 7.) (17) 

Also, since the triangles OBJ, OFK are right- 
angled, and PM, /Ware perpendiculars, we have 
(Euc. VL, viii.) 

ON. OK ^ 0 P\ OM. OJ * 0 P\ 
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Therefore sin 6 . cosec 0 = i, {Comp* lo.), (i8) 

and cos sec I. {Comp* ii*)* (19) 

Lastly, from the pairs of similar triangles TAG, 
PMO ; SBO, PNG, we have 

OA'' OP'^ "" ON' 


therefore 

^ /i SlU . 

tan 0 =- 

cosO 

(20) 

and 

^. cos 0 
sm 6 

( 2 l) 

From (20) and 21) we get 



tan 0 cot 6 = i. 

(22) 

00 

s 

0 

we have 



cosec 6 = ; 

smB 

(23) 

.. (19) 

„ sec^ = ; 

cos^ 

( 2 +) 

„ (22) 

„ cote -r-^* 

tan B 

(25) 

Again, from (2o)/we have 

, . sin^ 0 I 

■ 1 + tan* ^ = I + —^ . 

cos^ 0 cos* 0 


Hence 

I + tan*^ =? sec*^; 

(26) 


or thus: the triangles OPJ GAT bx& equal in 
every respect. Hence 

GJ^.^OT^^OA^ + AT^; 

sec^ ^ = I + tan^ 0 ^ 


therefore 
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In the same manner, from the triangles OPK^ 
OBS we have 

OK^ = OS’^ =OB^-\- BS\ 
or cosec^^= i +cot*^. (27) 

Lastly, MA^OA- OM\ NB=^OB^ ON, 
or versin ^ = I ~ cos ^; coversin ^ = i - sin (28) 

21. WarlatMiis of* i§ign and Magnitude of 
tlie Circular Functions. 

Sine and Cosecant .—From the figures 1,2, 3, 4, 
of Art. 18, it is evident that the sine is positive in the 
first and second quadrants, and negative in the third 
and fourth; also that in the first quadrant it increases 
from o to I, and in the second decreases from i to o ; 
in the third decreases from o to ~ i, and increases 
in the fourth from - i to 0. Hence the greatest 
positive and negative values are + i and - i respec¬ 
tively. Again, since from (18) 

sin^ . cosec ^ = r,*'' 

cosec ^ and sin $ will be both positive or both nega¬ 
tive at the same time. Hence cosec 6 is positive in 
the first and second quadrants, and negative in the 
third and fourth. 

2®. Cosine and Secant .—^These functions are evi¬ 
dently positive in the first and fourth quadrants, and 
negative in the second and third; also the cosine 
varies from + i to - i. 

3°. Tc^ngent and Cotangent .—Since 
tan B = sin B -f cos B, 

' and cot B = cos B ^ sin B, 
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it is evident that these functions will be positive or 
negative^ according as sin 0 and cos ^ have like or un¬ 
like signs. Hence tangent and cotangent are positive 
both in the first and third quadrants, and negative 
in the second and fourth:— 

Quadrant, 

Sine and Cosecant, . 

Cosine and Secant, . 

Tangent and Cotangent, 


22. Periodicity of tlie Circiiiar FomctioM. 

If B be any arc, tt + ^ is the arc which terminates 
at the point on the unit circle which is diametrically 
opposite to B. Hence from the diagram we see that 



sin (tt + ^) = - sin #; 

( 29 ) 


cos(7r + 0 )- - cos B ; 

(30) 

therefore 

tan (tt H- #) = tan #, 

(31) 

and 

cot (w + #) = cot B, 

(32) 


The functions tan B, cot B, therefore^ do not alter 
when B is increased by tt; or in other words, the 
circular functions tan B, cot B are periodic^ and the 
amplitude of their period zstt. Again, in like manner, 
we may increase the arc n- + ^ by tt, without altering 
either the tangent or cotangent, and so on as often 
as we please. Hence 

tan B =? tan {rnr + B), 
cot# = cot {nw + #), 


I. II. in. IV. 

+ - - +• 

•f *” + — 


( 33 ) 

( 34 ) 
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where n denotes any integer, either positive or nega¬ 
tive. 

Again, the sin, cos, sec, and cosec of an arc de¬ 
pend only on the positions of its origin and extre¬ 
mity; and it has been seen (Art. 17) that ^ is 

the general expression for all arcs terminating in the 
same point. Hence 


sin B — sin [p-mr + O'), 

(35) 

cos B = cos (pmr + B), 

(36) 

sec B = sec (pnir + B), 

(37) 

cosec B = cosec ( 2 ;^ 7 r + B), 

(38) 


where n denotes any integer, positive or negative. 

Hence four functions, sin, cos, sec, cosec, are peri¬ 
odic, and the amplitude of each period is 2^. 


23. Circular Fiinctlotis ©CMegati¥C 
Let the arc AP on the unit circle be denoted by B ; 
then, if the line PM be 
produced until it meet the 
circle again on the nega¬ 
tive side of AA' in P’, it 

is evident that the angle a'I-- 

AOP* is equal to A OP; 
but, being measured in 
the opposite direction, it 
has (Art. 16, 2^) a con¬ 
trary sign. Hence it must be denoted by - 0. 

Again, since MP, MP' are measured in opposite 
directions, they have contrary signs. Hence 




p 

\ 

/ 0 

/ 

M 1 , 


5 



MP'^-MP; 

MP = sin e, MP^ = sin (- B) ; 


but 
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therefore sin (- ^ 1 ) = - sin ( 9 . ( 39 ) 

Hence, if two arcs or angles be equal in magnitude, 
but have contrary signs, their sines are equal in magnt- 
tude^ and have opposite signs. 

Again, the line OM is the cosine of the arc AP, 
and also the cosine of the arc AP'- Hence 

cos (— 0 ) = cos 0 , (4^) 

Therefore, if two arcs differ only in sign, their cosines 
are identical. 

From the equations (39), (40) we infer also that 
the tangent, cotangent, and cosecant change signs when 
the angle changes, hut that the secant remains unal¬ 
tered, 

24. Circular Fuuctious of Sapplcmcntal 
Angles. ' 

Since sin (7r,+ 0 ) = - sin ^ (equation 29), 

then, changing 0 into — we get, from Art. 23, 

sin {yt - sin 0 ; ( 4 ^) 

but TT - $ and 0 are supplements, since their sum is 
TT. Hence the sines, and therefore the cosecants, of two 
supplemental angles are equal. 

Again, from equation (30), we have 

cos (tt + — cos B ; 

and changing 0 into — Bj we get, from Art. 23, 

cos (yr — — cos B, ( 4 ^) 
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Hence the cosines, and i/mrfare the stranis, of inm 
supplemental angles are equal in magniiudc, hut have 

contrary signs. 

Cor, I.—By dividing equations (41), (42) 
other, we see that th tangents, amt iherefnre the miitn- 
gents, of two supplemental angles are equal in magni^ 
tude, hut have contra^' signs. 

Cor, 2.— From equations (20), (41), we infer tliat 

sin (tt i < 9 ) 3t f iin 0 ; 

and since the sine is a periodic fiinclicrti with an 

amplitude 27 r, we get 

sin {(2/1-f i)7r i $1 f «iii 0 , (4j) 

In like manner, 

cos f(2«+ l) 7 r i 0 f r* . cos#, (44) 
tan (utt t #) s-j t tan (4I) 


EXERCiSlS.—XI* 

Prove the following iclentitiei » 


I. 

■■“•■rx ®3 »iii 0, 

cot# fee# 

2, 

cot#. —1— 

coiec# 

mn $ 

3 - 

sin®# 4 cmm ^0 


4. 

cosfc # F cot 0 


5- 

Bee* 0 - tan* # 

1 f4fl‘ 
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6 . 


cot^A 


— cot^B s 


sin2 B — sin^ A 
siri'-^ A . sin^ B ' 


7 - 


(cot 6 + cosec Q)^ s 


I + cos 0 
I - cos 0 * 


8. cosec^ 0 + cot^ 0 s I + 2cot^ 0. cosec® 0. 


9. sin 0 (i + tan 0) + cos 0 (i + cot 0) s sec 0 + cosec 0. 


10. sin 0 (cos 0 + sin 0. tan 0) + cos 0 (sin 0 + cos 0. tan 0) 

= tan 0 + cot 0- 


11. 1 + 2 (sin® 0 + cos8 0 ) s 3 (sin* 0 + cos* 0). 

tan e 1 Vsec* e -1 

12. sin0 s ! -— s /-- s-• 

Vi + tan® 0 Vi + cot® 0 sec 0 

cot 0 I Vcosec® 0 — 1 

lit, cos 0 s ,-s '. s -. 

Vi + cot® 0 Vi + tan® 0 cosec 0 

sin 0 Vi— cos®0 ^ 

14. tan 0 E /-r-TT" “ —--^ . f --• 

Vi - sm® 0 cos 0 Vcosec® 0 — i 


15. Prove by a construction that the secant of an angle in tlie 
first quadrant is greater than the tangent, and the cosecant 
greater than the cotangent. 

r6. Construct an angle — r, whose cosecant is = 2 ; 
2®, whose cosine is lequal to half the sine; 3®, whose sine is | of 
the tangent. 

17. Prove, by means of a construction, that 2 sin a is greater 
than sin 2a. 

18. What must be the magnitude of a, if sin a be half the side 
of a regular polygon of n sides inscribed in the unit drdle ? 

19. Prove, by means of a construction— 

i^*. (tan a - sin a)® + (i — cos «)® =s (sec a — l)®; 

2®. (cosec a - sec af »(t — tan of (ccl a 
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QUESTIONS FOR EXAiMINAlION, 

1. What functions decrease in the firet <|tii'idr»tiit while itic 

angle increases ? 

Ans, The cos, cosec, cot. 

2 . Wiiat functions decrease In the secoinl «|iiaflrant (in alwo- 

lute magnitudiv without respect to stgiil while tlie 
angle increases ? 

A ns. The sin, tan, sec. 

3. Name the circular functions that arepoiltive in the wroiidi 

third, and fourth epadrants respectively. 

Ans, See page 26. 

4. What functions have the iaine valuci for iiegatlw dfigfe 

as for the corresponding potilive anglei ? 

Am, The cos and sec, 

5 . What functioiii have the same mluei for mt angle and IR 

supplement ? What functioai have the iaitie vaJiicn 
with contrary signs ? 

Ans. O. The sin md cosec; 2 ''. cos, sre, tan, it ml 

6 . State the relations between the drciilar fifiictioiii of tw# 

angles wliose sum k four right afglc». 

Am, They are^^equal. 

7. What is meant by the stat«a«ait^ tl»l cireakr 

are periodic ? 

Am. That their valtt:©s retaMa nttaltereit If tic iiigl# fit 
increased a co'ftstaat, called tlw perioiL 

S What circulm* fnnetioas have a period of w ? 

Ans. The tan and mt 

$, What circular funclioas have a period of 2 w i 
Am. ThCg^m, cos, me, cotec* 
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10. Simplify the following expressions:— 

1°. a cos (90 - a) + 5 cos (90 + «). 

2®. sin (90 - a) cos (90 - a). 

3°. {a — h) tan (90 — «)+(« + 5 ) cot (90 -f a), 
sin a . tan (180 + a) 


4- 


cot (' 


tan a . cos (90 — a) 

-a) + (3 


6 ®. 


cos (t + a) cot (tt — a) 

L ^ ~ cos sin (tt — a) - cos + aj 


cos {7r+ a) 


+ - 


sin (tt + a) 


ri. Transform the following expressions into others which 
will contain only sin a:— 


I®, sin a cos® a + 


tan a cot a 
cos a cos a . sin a* 

cos a sin a 


2®. cosec a. sin a+- 

cot a cos a 

3®. tan® a + I - cosec® a + 2 sin a cos a. 

4®. sec® a — tan® a + cos® a — cot® a . 

12. Calculate the functions of the angle d from the following 
equations:— 

Am. sin0s= J. 
Am. cos e = |. 

Vi 


I®. 9 ^n ®0 + 27 sfc 0 9= 10. 

2°. cos 0 = 2 ~ 3 cos® e. 

3®. 2 tan0 + |cot0 = 2cot^. 


2 tan g -f I 2 tog - I _ 10 
2tang — I ^ 2 tog 4* I3 * 


Am. tan g = 


Am. tog « ± I- 


‘ 10 '? 


r/'s 



CHAPTER III, ' 


nature and use of logarithms. 

JS- Def. The logarithm {contracted log) of a number 
s the power to which lo, called the base, must be raised 
n order to produce the number. Thus : 


ro°= I, 


lO* = 100, , 

lo® = 1000, 
lo^ = roooo, 

10^= lOOOOO, 


hence log i == o. 

„ log 10 = I. 

„ log roo = 2. 

„ log lOOO = 3, 

„ log 10000 =4. 

„ log 100000 = 5, <&c. 


Theorehcally, any number maybe used as base; thns,ifnre 
ke 3, smce 3* = 8r, the log of 81 is 4, and this Js 

^81 = 4, 

« base being put as a snfifix. There are, however, onlv two 
ises employe.^ namely, 10 , in practical applications, and to 

lici is called the Napierian base, after Napier, the inventor of 
>gantiiin5. 
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26. JPro'perU.es of liOgarltfemg. 

The principal object of logarithms is to facilitate 
calculation; their great utility in doing so depends 
on the four following propositions:— 


I®. The log of the product of two numbers is equal to 
the sum of their logarithms. 

For, if m, n be the numbers, their logarithms, 
we have 


10^^ My hence x « log m. 
lo^stn, „ j^^logn. 

Again, since io*««, and by multiplica¬ 

tion we liave 

10*+^ « m% or F^ a log mn; 

but X « log m + log n ; 

therefore log mn « log + log m. (46) 

2®. The log of the qmtimt of im numbers is equal to 
the d^mnce of their logarithms* 

For, retaining the same notation, we have, by divi¬ 
sion. 


therefore x--y» log « ; 

n 

but x-jim log »t - log »; 





therefore log - - log ® - log«. (47) 

3°. 3 %e log of Ihe square root of a number it found ^ 
toMng half its logarithm ; the log of the tube root 
taking om-third its logarithm, &c. 
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For, as before, 10* = w; 


therefore 



or 

X 

— = log ; 


but 

^ = JlogOT; 


therefore 

log J log m. 

(48) 

Similarly, 

log m^ = i log m, &c. 



4^^. The log of the square of a number is egual to twice 
its logarithm ; the log of the cube of a number is equal to 
three times its logarithm^ &c. 


For, since 

10® = m. 

■* 


= or 2x =:logm^; 


but 

bo 

1 ) 


therefore 

log - 2 log m. 

(49) 

Similarly, 

log ir^ ^ ^ log my &c. 



27. From Art. 25 we see that the log of 10 is i, 
and the log of 100 is 2. Hence the log of any nmm- 
her between 10 and 100—that is, the log of any 
number consisting of two digits—^is greater than 
I and less than 2—^that is, it is i and a decimaL 
Thus, the log of 54is 1.7323938. Similarly, the log 
of any number consisting of three digits is 2 and a 
decimal; of four digits, 3 and a decimal, and so on. 
When the log of a number consists of an integer 
D 2 
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and a decimal, the integer is called the character¬ 
istic of the logarithm, and the decimal the mantissa. 
Hence the characteristic of the log of a number is 
known from the number of digits in the number. 
Thus, the characteristic of the log of 54512 is 4, 
because 54312 contains 5 digits. 

28. Suppose we consider any number, such aa 
67856, we find from the tables 

log 67836 « 4.8514602. 

Now, if we divide 67856 in succession by 10, 100, 
1000, &c., we diminish (Art. 26, nP) its log by 
r, 2, 5, &c. Hence 

log 6783.6 = 3.8314602. 

log 678.56 = 2.8314602. 

log 67.856 = 1.8314602, &c. 

From this example we see that if two numbers differ 
only in the position of the decimal point, their loga¬ 
rithms have the same mantissa, differing only in the 
characteristic. We also see that the chamcteriitic 
is determined by the number of digits to the left of 
the decimal point. Thus, the characteristic of the 
log of 67.836 is I—that is, it is the same as the 
chara'cteristic of the log of a number consisting of 
two digits, ^ Agmn, if we divide ,67,856 by 100, 1000, ' 
10^,000, &c., we mu^ diminish the characteristic by ^ 
2,1, 4? &c. Thus: 

log .67836 afJ|I4i02, 

log ,067836 «»1.8114602. 

log .0067856 » 1.1514602, 
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Here it is to be remarked that, when the character¬ 
istic of a log is negative, the sign minus is placed 
over it as above, and that the mantissa is always 
positive; and we also see that, if a number is alto¬ 
gether decimal, its log has a negative characteristic. 

29. We will now exhibit the forms in which num- 
>ers and their logarithms are arranged in tables. In 
I^allefs and Babbage’s tables the logarithms of all 
lumbers from i to 108000 are inserted. 

I.— Form for Numbers from i to 1200. 


No. 

Logarithms. 

No. 

Logarithms. 

2 

3010300 

1041 

0174507 

3 i 

4771213 

1042 

0178677 

4 

6020600 

1043 

0182843 


[.—Form for Numbers from 1000 to 108,000. 


* 

0 

1 

u 

3 

4 

5 

6 

7 

8 

8 

k > 

7466342 

6420 

6498 

6575 

6653 

673 X 

6809 

6887 

6965 

7042 

1 

7120 

7x98 

7 . se ;6 

7354 

743X 

VS09 

7587 

766s 

7743 

7 $ 2 X 

a 

7898 

7976 

8054 

8132 i 

S210 

8287 

8365 

8443 

8521 

8598 

3 

8676 

8754 

8832 

8910 

8987 

906s 

9x43 

9221 

9299 

937^ 


{78, p.} 

a 

16 

23 

3X 

39 

47 

55 

62 

79 


3 
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In Form I. all the mantissae are given at full 
length, and it is only necessary to supply the cha¬ 
racteristic. Thus, the log of the number 1042 is 
3.0178677, since the characteristic is 3. 

In Form II., the first three figures of the mantissae 
being the same for all the numbers contained in 
it, they are inserted only in the first column, and 
the rest are supplied according to the digits placed 
in vertical and horizontal rows: thus, for 55827 
we have corresponding to 2 in the 'vertical^ and to 7 
in the horizontal row, the number 8443, which with 
746, which is common, gives .7468443 for the 
mantissa of 55827 ; and since it contains 5 figures to 
the left of the decimal point, the characteristic is 4^ 
Hence 

log 55827 = 4.7468443. 

The numbers in the last row are called propor^ 
tional parts, and are constructed as follows :—If we 
take the dilference between the logarithms of two con¬ 
secutive numbers given in Form II., such as 55814 
and 55815, we get 78 ; and^if this be multiplied by 
.1, .2, .3, &c., we get the proportional parts 8, 16,. 
23, &c. The use of these is to find the logarithms j 
of numbers of six or more places of figures. ThuSr 1 
to find the logarithm of 558346. 

Mow, the log of 55834 is 4.7468987 ; 

therefore log 558340 is 5.7468987. 

In like manner, 


log 558350 is 5.7469065. 
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Now^ the difference of 55B350 and 55K540 is io» 
ad the difference of their logs is 78 ; also, the dif- 
jrence between the numbers 558340 and 558346 
; 6; and we find the corresponding difference of 
)gs by the proportion 

10 : 6 ;: 78 : 47, 

ad therefore 47 added to the log of 558340 gives 
.7469034 as the log of 558346 It will be seen that 
le table of proportional parts enables us to abridge 
le foregoing calculation. 


Exercises.'—^XII. 

I. Required the pmdnct of 1200 «id 4.5, 

log (1200 X 45) ■ log 1200 4 log 4.5 » 3.0791812 4 *6532125 ; 

lerefore log (1200 x 4.5} » 3*7323937* 

ence, finding in the taWei the nninber correipondiaf to thli 
■g, the product of 


isoo X 4.5 » 54iK». 
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QUESTIONS FOR EXAMINATION 

1. What is the logarithm of a number ? 

2. How many systems of logarithms are in use ? 

Ans, Two : common and Napierian logarithms. 

3. What is the characteristic of a logarithm ? What is the 

mantissa ? • 

4. What numbers are they whose logarithms have a common 

mantissa ? 

Ans, Numbers consisting of the same digits, and differ¬ 
ing only in the position of the decimal point, 

5'. What numbers are they whose logarithms have a common 
characteristic ? 

Ans, Those that have the same number of digits to the 
left of the decimal point. 

6. How are roots extracted by logarithms ? 

Ans, By division. 

7. What numbers are tihey whose logarithms have negative 

characteristics ? 

Ans. Those which are altogether decimal. 

8. What part of the log of a number is never negative ? 

Ans. The mantissa. 

9. How is a fourth proportional to three numbers found by 

logarithms? 

Ans, By adding the logs of the second and third, and 
subtracting the log of the first# 

10. Upon what prindple does the theory of proportional 

parts depend? 

Ans, Upon the principle, that if the dijffierence of two 
numbers be small compared to either of them, 
that difference will he nearly proportional to 
the difference of their logarithms. 
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11. If every log in the tables were doubled, the results would 

be the logs of the same numbers, but with a different 

base; prove this, and mention what base. 

12. If, instead of being doubled, they were halved, what 

would be the base ? * 

13. If a and d be any two numbers; prove 

^log& ~ 

14. How many figures in 3599 ? 

Ans, 153. 

15. If .005 be raised to the 12th power, how many cyphers 

will it commence with ? 

Ans. 27. 

30. Rigtit-angledL Triangles^ calculated by 
lLtogaiilltm6i. 

The logarithms of the circular functions, calcu¬ 
lated to degrees and minutes for all the angles from 
o® to 90®, are given in the tables, and the theory of 
proportional parts enables us, by means of these, to 
calculate them to seconds. It is easy to see that it 
would be sufficient to give them from 0® to 45®, 
since any function of an angle between 45® and 90*^ 
is equal to another function of an angle between 

and 45®: thus 

sin =s cos 23®. 

In connexion with this remark, it is to be observed 
that angles greater than 45° are given at tbe foot of 
the page in the tables, and those less than 45^ at 
the top. 

2^. Since some of the circular functions are less 
thin unity for all angles less than 90^, their lopt- 
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rithms have negative characteristics : thus 
sin 30^^ = .5, 

and log sin 30^ = log .5 = T.6989700, 

and so on for others. In order to avoid this incon¬ 
venience, the characteristic of the logarithm of each 
circular function is increased by ro, and the loga¬ 
rithms so increased are those registered in the 
tables. These, called tabular logarithms, are dis¬ 
tinguished by the word log placed before them being 
written with a capital letter, thus 

Log sin 30 = 9,6989700. 

The following exercises will familiarize the student 
with the use of logarithms, 

08480 I .—Given a and ii is nquimd to find A, 

and c. 

By equation (3), 

a 

tani 4 w 

Hence Log UXiA - lo » log a - log^; 

therefore Log tan J » 10 + log is: - log (50) 

Jigain, equation (15), . 

e sin A « a. 

Hence logr-f- LogsinJ - 10 «logiz; 
therefore log r « 10 4 log ^ I-#og sin A , '{s i) 
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EIxamfle. 

11 

Ip 

Ip 

525.1, 6 « 785.3, find A , B , r. 

lo + log n =12.7202420 


i |P'^ 

log ^ « 2.8050356 

if: 

Log tan ^ « 9*12521^4 

Log tan 33^.46 » 9.825 lOto 

111: 


Tabular »* 3704; 


404 X 60 ^ 
ijU "' 


A n= 330 4fi' if , 
B m sfe" 13' St" 


To find 


104 log tf K 12,7201430 

Loi»in 33 * 46 'a"* 9-7449563 


loge 

log 944,68 


8.975*857 

*•975*847 


BEt^wtowJ pirt 2, 


e m 944 , 602 . 


Exircisks.—XIIL 

I. Q£ir«n ««a44, « ijr, orientate i*. 

8. „ tf -*.0054, ^ f- iji, cricriatc A, B, e. 

3 - „ amtt, ft * 16, orientate B, e. 

4- „ tf »I3.»9f, ft « 149,30, eakwtate J, B, t. 

$. „ o«‘4^>J39, ft ■» 5.1^4*, crinil*ti,(<, i?, e, 




44 NATURE AND USE OF LOGARITHMS. 

Case n .—Given a and c, it is required Iv find B, Ik 
From equation (51), 

Log sinu 4 = 10 + log<2 - Iog<r. (52) 

Again (Euc. I. XLvn.), 

c= (<r + a) (r - a). 

Hence 2 log^ = log (^ + <2) + log {c - a). (53) 


Example. 

^ren a = 4754, c = 5850^ calct]^te h. 


10 FlogflE 5=13,6770592 
log 4 ?» 3-7671559 


Logsm .<4 s 9 - 9 <W 33 
Log ^54* 21' *a 9.^072! 


Tabtdar diff. = 907, 


3 05 X 60 

“"907 


« 20"'. 


Hence A « 54® 21' 20^', 

^» 35 ^ 3 S' 40 '^ 

log (ci-a) ^ 4.0254697 
log (e ^ 4 • 3,0398106 

2)7.0652803 

log 3 m 3.5326401, ^ « 34^-1. 

• EXIRCISIS.—XIV. 

I. &vm 0 m 1758, em m 94 ^ olctdttt A^ M, i, 
>1 SB^t ^ * 37% o^wdite A^ 4 
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3. Given a = 4476, c - 8590, calculate JB, b. 

4. „ c — 8653, calculate B^b. 

5. ,, a— 792, = 1734, calculate .4, 

Case III.— Given a and A, it is required to find 

b, c, B, 

From equation (50), 

Log tan A= 10 ■+ log a - log^ ; 
therefore log b = 10+ log a - Log tan ^ 4 . (54) 

And from (52), 

log r = 10 + log a - Log sin .^ 4 . (55) 


Exercises XV. 


I. 

Given 

a = 849* 

A =,65° 14' 0", 

calculate b, c, B, 

2. 


a = 7178, 

^ = 56“ 3' 0", 

calculate b, c, B. 

3 * 

99 

a= 174, 

A = 20® 9' 17", 

calculate B, 

4 * 

99 

<1= 638, 

A ?= 43® 22' 26", 

calculate B, 

5. 

99 

a = 0.87807, ^ = 31® 0' 26' 

% calculate 3 , c, 


Case IV^G^en c and A, it is required fa fina 

Uf bf B • 

taking the logarithms of equations (15), (16X 
we get 

log a = log^ + Log sin j 4 - xo, (56) 

log ^ «log c + Log cos A - lo* (57) 
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Exercises.—^XVL 

1. G-iven c = 205, A =s 41*^ xF r/', calculate a, M, 

2. „ « I734» * 27® 10' 35", calculate B. 

3* ^ *® 934> ^ * 32® 52' 35"» caladate h, B, 

4. (t « 214.259, .(4 a 26® 52' 14'', calculate a, A 

5. • „ c a 210.11, A es 22^ 36' 3$'^, cdculate a, B. 

' Observation .—^When a soaght angle diflfers but 
little from 90®, the calculation by means of its sine 
will not be very accurate, because the sines of migles 
near 90® have scarcely any differences, while the 
angles themselves may have a sensible difference. 
Similarly, if an angle be small, it is better not to 
calculate it by its cosine. 


QUESTIOm FOM MXAMMATIOm 

1. Why is the eharactelitic ia the tahwtor logtrithms of the 

draalar futtctl<ms too gr«it ly 10 ? 

2. When an angle is g^'eater ftiaa 45* Its Log tan Is greater 

than 10, and its 3 Log cot Iw timn 10. Why ? 

j. Why are the, ch^acteristics of the Ij>g-secaats tmd Log- 
cosecants of dfll an^es never less than 10 ? 

4. When carmot m be found mmmUlf mmm 

of its sine ? 

5. What angl» are to he fo»^ la the tafato at the fool of 

the page ? 




CHAPTER IV. 


FXJNTCTIONS OF THE SUMS AND DIFFERENCES 
OF ANGLES. 

I . Lemma. —In any triangle ABC, any side {BC) 
tTjiied by the diameter of the 
ir^cumcircle is equal to the 
ifze of the opposite angle (A). 

IDem. — Draw the dia¬ 
meter BB. Join CD; then; 

►ecanse BB is the dia¬ 
meter, the angle BCB is 
ig-ht. Hence 

BC^BB^ sin BBC. 

hat is (Euc. HI. xxi.) = siil BAC. Hence, de- 
LOting the diameter BB by 8 , the side BC by a, and 
he opposite angle by A, we have 

2 = siniC. (58) 

Con —In any triangle, 

a : 6 :: sin .4 : sinjff. (59) 

?or ^ sin-5. 

32. The sine of the sum of two angles (A, B) is equal 

the sine of the first mulHplied by the msine of the 
econd, plus the cosine of the first multiplied by tlm sine 
yf" the second. 
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Dem.—Let ONht a^radius of the unit-circle; and 
let the angles 
NOP be denoted by 
a, 13 , respectively; let 
fall the perpendiculars, 

NP, NQ. Join PQ; 
then, since the points 
O, P, N, Q are con- 
cyclic by Ptolem/s 
theorem (Euc. p. 232), 
we have 

PQ.ON ^=QN.OP-^OQ, NP; 
but ON is unity. Hence, by the lemma, 

PQ = sin QOP= sin (a + yS). 

Also 

QN = sin a, NP- sin OQ = cos a, OP^ cos ( 3 , 

Hence 

sin (a + j8) = sin a cos P + cos a sin p, (60) 

Or thus: —Let the angles BOD^ DOEh^ denoted 
by a, / 3 ; then BOE 
will be a + /?. In 
OE take any point 
N Draw NK per¬ 
pendicular to OB, 

. and NQ to OB. 

Draw QH parallel 
to OB, and QI per¬ 
pendicular to OB. 

Now, since the tri- 

angles OKJ, JQN, ° K I B 

are right-angled, and have the angles OJQT, JVJ'Q 
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uc. I. XT.), the angle JOK is equal to 
Cence the angle JNQ is equal to a. 

. ^ a. KN KH^HN QI UN- 
3 in(a + ^) ~ ON'^ ON 

_ QI.OQ HN.QN 
OQ.ON^ QN. ON 
- sin a cos + cos a sin /?, 
a,s before. 

formula (6o) change yS into and we 

j (Art. 23) 

?) = - sin p, and cos {-IB) = cos jB, 
n (a -/?) = sin a cos - cos a sin/?. (61) 

w let a' be the complement of a, so that 

' — a'; also sin a = cos a'; COS a = sin a' ; 


- af-IB 


• sin - (a' + / 3 )> = cos (a' +P) ; 


- + =sin^~ - j = cos (a'~y3). 

TT 

j-bstituting ~ - a' for a in the formulae (6i) 

omitting accents, we get 
pt *4“ )8) » cos a cos ^ - sin a sin /?. (62) 

OL — cos a cos + sin a sin (63) 


01-KI 01 HQ 

0 N° ON ~ ON OW 

OQ m QN „ . . 

^~ON~ ^■■^’=‘=os“cos^-sinasin#; 

g'ing the sign of P, we get 

>s (a - as 00s a eosyS + sin a sin yS. 

E 
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Exercises.— XVIL 

1. Given sin a = f, cos 3 = A; sin (a+ 0 ), cos (a — 0 ) 

2 . „ sin a = if, sin3 = ^; find sin (a - 0 ), cos (a+ 0 ) 

3. Prove sin 2 a = 2 sin a co$ a. (64) 

In equation (60) suppose 3 = ct, and we get 

sin 2 a = sin a cos a + cos a sin a = 2 sin a cos a. 

4. Prove cos 60® = J. , 

Since 120® and 60° are supplements, sin 120°= sin 60® (Art. 24) 

but sin 120® = 2 sin 60® cos 60® (equation 64); 

therefore 2 sin 60® cos 60® = sin 60®. 

Hence cos 60® « I*, and therefore sin 60® = —. (65) 

5. Prove sin 30® = f. 

Since 60® and 30® are complements, sin 60® = cos 30® (Art. 12) 
but sin 60® = 2 sin 30® cos 30®; 

th^efere 2 sin 30® cos 30® = cos 30®. 

V 3 

Hence sin 30® = f, and therefore cos 30® = (66) 

Orihus :— 

cos 60 =s sin 30; bnt cos 60® = |; therefore sin30^» 

6. Prove sin 7 = sm a cos (7 — a) + cos a sin (7 — a) ^ 


% 


cos7 = cbsa cos (7 — a) - sin a sin (7 -n). 


s. 

>> 

sin 7 = sin {0 + 7) cos 0 ~ cos {0 4 7) sin 0 . 


9 - 

n 

cos 7 = cos 0 4 7) cos 0 4 sin (3 4 7) sin 0 . 


10. 


sin («+ 0 ) sin (a — 3) = sin *a — sin* 0 . 

(67) 

It. 

jij 

cos (a4 0 ) cos (a — 3) = cos* a — sin*3 

(68) 



ss cos*3 ~ sin* 0. 


If. 


Mn( 3 ^ 7 ) 
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35. From the four formulae (6o)~(63), called the 
fundamental formulae, others can be inferred by 
the simple processes of addition and subtraction. 
Thus taking the sum and the jdiiference of (60) and 
(61), and also of (62) and (6>),.we get 

sin (a + yS) 4 sin (a - yS) = 2 sin a cq§I 3 , (69) 

, sin (a 4 - sin (a - yS) = 2 cos a sin /?. (70) 

cos (a 4 ^yS) 4 cos (a - yS) = 2C0S a cosyS. (71) 

cos (a - y8) - cos (a 4 yS) = 2 sin a sin yS. (72) 

Exercises.—^XVIII. 

f 

1. Prove sin (30® 4 a) 4 sin (30® - a) cos a. 

2. „ sin 31® 4 sin 29° = cos I®. 

3. ,, cos (60® 4 a) 4 cos (60® — ft) = cos a. 

4. „ sin (60 4 a) — sin (60® - a) = sin a. 

5. „ sin 62® ~ sin 58® ='sin 2®. 

6. „ cos (120 4 a) 4 cos (120 - o) 4 cos a = O. 

7. „ cos 55® 4 cos 65® 4 cos 175° = o. 

8. „ sin(« 4-i)a + sin(«-i) a=:2^»a €0S«. 

3#. By an easy transformation the four formulae 
(69H72) give four others for the sum and the dif¬ 
ference of the sines and the Oosines of two angles. 
Thus, let 

o 4 y^ = -S', and a — y 8 » D ; 

thm 

e = 4(5+i>), )8 = i(5-i>). 

Substituting these values in the above fonnulae (69), 
(70), and putting, for the sake of uniformity of no- 

2 
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tation, a, ^ instead of S, D, we get 

sin a + sin/?= 2sin i-(a + ^) cos-|-(a-^). (73) 

sin a - sin /? = 2 fcos |■(a + ^) sin i-(a - /?). (74) 

cosa+cos;S= 2cosi(a+cosi-(a-/ 3). (75) 

coSjS-cos a = 2sin ^(a4-/?) sin i-(a-y5). (76) 

These formulae are so important, and of such fre¬ 
quent recurrence, that it will be necessary for the 
student to commit the following enunciations to 
memory. 

Of any two angles, the 

sum of the sines = 2 sin haif sum . cos -J- diff. [(73)] 
diff. ,, cos half sum. sin diff. [(74)] 

Sum of the cosines = 2 cos half sum . cos diff. [(75)] 
diff. „ =2 sin half sum . sin diff. [(76)] 

The following observations on these rules are im¬ 
portant :—I®. The order of the angles in formula 
(76) is inverted. 2®. In each product on the right 
the angles are respectively the half sum and the half 
diff. 3°. Inthe first formula there is the product of 
a sine and a cosine; in the second, of a cosine and 
a sine; in the third, of two cosines; and in the fourth 
the product of two sines. 

Exbucises.—XIX. "" 

sin suzM 2 j[ cmJ., 

m 3 ^*ss 2'oas 2^ A4^. 

cos 2 A 4 cos 4.4 =3 2 cos cos A. 

00$ ^A ^ cos $A iis a siti 5 4 sinH. 

¥ 


t. Erove 

3 * 9 i 

4. „ 




SUMS AND DIFFJiRENCES OF ANGLES. sj 


5. Prove sin 2A + sin 2B ^ 2 sin {A +■ B) . cat {A ~ B), 

•6. „ sin 40** + sin 20"*« cos lO'l 

7. „ sin So” - sin 40*^« sin 20”. 

8 . „ cos« 4* cos 3a + coj« 5® ■ |* cos 7®4 m% a cm 2a cm 4®. 

... mna ’Cmya 

o. „ sm 2a + sin 4® -f Hin 6a • s <> - * 

^ ^ 2iina 

10. „ cos 55® cos 65" 4 * cos 65^^ cci» 175^ 4 cm 175® coi 55* 

“-i. 

37* If we take the quotient of ©ach pair of the 
formulae (73)--(76), we get the following resalli. 
The finst is rcHiuced bj dividing both aiimerator met 

denominator by 

2 cos I (a 4 am i - 0 % 
and the rediiction of the otlu^rs is ohvkmn :~ 


Hill a ■! Hin ft tan | (« t- ft) 
sill a - sill ft " tan | (« - /i) * 


sin ft 4 sin ^ 

• ■ ‘ A tan I (ft 4 B), 

cos ft 4 ^ 


»mi!t 

C 0 »ft 4 co»^ 


tun I- ft). 


(77) 

(78) 
( 7 «) 
( 8 ®) 


sin « - sin 0 
cm ff -'emm ‘ 

<508 a 4 - 008 ^ 

couB ~ co»<t 


C0t|C«4-^). (ii) 

' t‘(»t i (« 4 ^)cot I («»•- 
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Exercises.—XX. 


I. Prove 

, .. cos 2B — cos 2A 

tan (A + B) = -^. * 

^ * sm 2A - sin 2B 


2 . 

. . cos 2A - 1 - cos 2B 

^ ' sin 2A + sin 2B 



sin (A -^ B) + sin (-<4 - j^) __ tan A 


3 * if 

sm{Ai-j^'-^Ti(A--B) tmB' 


4 - »» 

= cotA cot A 

COS {A-B)- cos (A + B) 


38. If in the formulae (73), (75), (76) we make 
/S = 0, and remembering that 


COS (0) = I, Hin (0) “ 0, 


we get 

sin a = 2 sin | a cos | a. 

(83) 


I -f cos as 2COS*|a; 


or 

COS a™ 2 cos’* Ja ““ r. 

I - cosa » 2 sin*|a; 

(8+) 

or 

cos a as I - 2 sin® f a. 

(8S) 

Subtracting (85) from (84), wo get 



cos a m cos® 1 a - sin® | a. 

(86) 


The following is the enunciation of these theo- 
rejas:*— 

ilae of an angle | angle. cm i angle. 

I + «>f angle • e i angle. 

I - m itfjgle => * «>»’ I angle, 
cos Q$ angle - «»i® | angle - sin* i Migle. 
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Cor. I.— sin za « 2 sin a cos a. 

(Compare equation (64)). 

Cor. 2.— 

cos2a=2 cos^a-- t » cos®a-sin^a« I - 28 in*a. (87) 

These are obtained from ($4% (8$), (86), bj 
changing into a. They may also be proved by 
supposing ^ in the formulae (60), (62), 

Cor. 3.— 

sin (a+« 2 sin i (« f cos |(«i 4 ( 18 ) 


1 x«rcisis.~XXL 

I 

I. Frore dn 45* « —. In ^tiatloa (85) put m • iii 4 
V3 

sget 


2. Prove cos 45''» —. (Make we of cfwiii© (%)}* 

¥2 

3 . „ ( 9 I> 

{Kii# wf of (Sj), Pi)), 

sfen 

^ ” Ttjiwa”*®®**' e») 


5. „ 
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8 . Prove 2 cot a = cot Ja - tan 

9. „ tan a + 2 tan 2a + 4 tan4a = cot a - 8 cot 80 
sin a 4- sin jS _ cos J (a - ;8) 


10 . 


II. 


sin (a + i8) cos (a + )8) ' 
sin a — sin i8 sin | (a - 0 ) 


(94) 

( 95 ) 


sin (a + / 3 ) sin I (a + j8) ’ 

39. If we divide formula (60) by (62), and reduce 
the right-hand side by dividing both numerator and 
denominator by cos a cos we get 

/ , o\ tana + tan. .. 
k: .mm i~tanatan>S ^ 

In like manner, from (61) and (63) we get 

, f tan a - tan . . 

tan (a - / 3 ) =s . (97) 

i 4 'tanatanj 8 

In (96) put a = and we get 


(9S) 





, 2 tan a . 

tan 2a * . (, 

I - tan*a ^ 


Exeecisis.— XXII. 

I. i^rove 

tan 45® » I. 

}> 

tan 45* « sin 45 ®-4 cos 41* *a *1 4 

2. If 

tan a « 1 , tan ^ » 1 ; prove a 4 # » 45 *# 

If 

tan a » taa ^ ; prove « 4* ^ » 45*. 

4* Pwe 

^ . sin (a 4 ft 

tan«+tan|>» 

m$acm 0 

S» n 

tan a - ton # « 

cosaWH 
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6, Prove 

7 * )j 

S. „ 

9 - 


tan (a 4- 45) = 


I + tan a 
I — tan a * 


tan (a - 45) = 


tan a — r 
tan a 4- I ’ 


tan a 4- tan )3 _ sin (a 4- )8) 
tan a - tan ^ ~ sin (a - * 


tan^ a ~ tan^ 0 = 


sin^ a - sin'^ 0 
cos’* a . cos’* 0 * 


cot a — tan a 

-= cos 2a. 

cot a 4- tan a 


40. Formulae for tlie l§(um o£ tbree or 
more Juigles. 

Let a, y be three angles ; then 
sin (a + 4- 7) = sin (a 4- P) cos y 4 - cos(a 4 p) sin y; 

and substituting, from (60) and (6z), their values for 
sin (a 4 - p), cos ( a 4 - jS), 

we get 

sin (a+ 4- y) = sin a cos P cos y + sin j 3 cos y cos a 

+ siny cos ct cos)^~sin a sin ^ siny. (100) 
In like manner, 

cos (a 4 ^+y) - cos a cos ^ cos y - cos a sin ^ siny 
-cos^ siny sina-cosy sinasin (101) 

Im these formulae, if we make y each equal to 
% we get 

sin I sin u, cos* a - sin® a, 
cos |a cos®n - 5 sin®a COS a. ^ 
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and replacing in the former cos^ a by i ~ sin’* 
in the latter, sin^ a by i ~ cos’* a, we get 

sin 3 a = 3 sin a - 4sin®a. ( 

COS 3 a = 4COS®a- 3 COS a. ( 

41. If we divide (100) by (roi), and redi 
dividing the numerator and the denominator < 
light-hand side by cos a cos p cos 7, we get 


tan(a4^ + 7)« 


tan a + tan ^ + tan 7 - tan a tan ^ 


^ ^ I-tanatan^-tan^ tan7-tan7 

(> 

In this result, if we make y 3 , y each equal to 
get 

3 tana-tan® a , 

tan3a=s^^--—»— 

^ 1-3 tan® a 


Cw, I.—If a + where m is any in 

tana4 tan/S + tany « tana tanjS tan 7 . (i 

a+j8 + 7 = p tanjS tany + tany 

4 » I. (i' 


EmeciseS'-—XXIII. 

f. Wad dn 

Faltlag « tt iS% we hitve, ^ce * 
da |6® • ,coa 5/ 
sin 2a « cos 30, 

^ 2aaacosastt4'<»#:«*--3©of«; 

llietote* 2 sin a « 4 <»# a - 3 « 4 (I - da®W - S * 
4da^a 4 2daa» X. 


SUMS DIFFERENCES OF ANGLES, 


Or thus 2 sin 36® cos 36® » sin 72^, 
and 2 sin 72® cos 72® = sin or sin 36®. 

Hence 2 cos 36^ cos 72^ | ; 

but 2 cos 36** cos 72® « cof 36® + cos 108^ * cos 36^ - co« 73 

therefore cos 36"* - cos 72® » |. 

Hence, denoting cos 36* and cos 72'* by x and/, wc ha^e 
w I and X -»/ » I; 


therefore 

therrfore 


Vs-t . /s-i 

4 4 ' 


cos 36*^ 


VJ+i 

'“4"' 


and cos 72* or sin iS^! 




Miscellaneoxts EXERCISE8 .~XXIV. 


t, Brcnre 


3 * 


sin 2m 

CO«2« 


I +" Im^a 
I - ta# a 
I + «* 


cm «t «« tin « 
CfO« « 4 rfii a 


s« la - to %, 


4. Fiwo—- 

»iaaF«Si 3 wa«»i 1 cos -| 


1 ^ Fiwe*^ 
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6 Prove sec a + tan a = tan (45 -Jh a). 

cos a + cos $ cos | (a - 

7 - 

8. „ 


sin (a 

;+^) 

cos 0 - 

- COS a 

sin (« 

^ + 0) 

cos a 

F cos B 

1 + cos a cos 

cos a 

- cos 0 


10 . If COS0 = .‘.prove, tan^ -J $ = tan® | a cot® -3 

I~cosacosj8 ' j j . 


II. Prove cos®^a — 2 cos 

sin a + sin 4 a + sin ja 




12 . 

13- 

14. 

15 - 

16. 

17 . 

18 . 

19 . 

20 . 

21 . 

22 . 

n- 

24 . 

25 . 

26 . 


cos a + cos 4a + COS ya 
1 4 - sin a 
I - sin a 


= tan 4 a. 


tan® 




I + 2 cos 2 a 


tan (a + 60 '’) tan (a — Sd") = 

^ ^ ^ I - 2 cos 2 a 

COS® a ~ sin® a = cos 2a (i - I sin® 2a). 

sin® a + cos® a = (i - | sin® 2 a). 

sin ma = sin a cos (w — i )a + cos a sin (jw - I)a. 

cos wa K= cos a cos (;» — I)a — sin a sin {m — l)a. 

sin 4a = 4 sin a cos a - 8 sin^ a cos «. 

sin 5 a = 5 sin a 20 sin® a 4 - 16 si# a, 

CDS 4a = l - 8 cos® a + Scos^a. 

cos 5a = S cosa - 20cos®a F 16co#a. 

2 cos® a cos®^ - 2 sin® a sin® ^ « cos 2a + cos 

4 sin 3a cos®a 4 4 cos 3a si# a « 3 sin 40- 

cot a ■“ tan a » 2 cot 2a. 

cos a 1 Cos ^ + €0»7 + €08 (a F iS + 7) 

R 4 cos I (a + i 3 ) €08 1 {0 4 7 ) COi I (7- 4 «t)» 
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27. I>rove cos {n + l) cos {n - l) a 4- sin-a = cos^na. 

28- If A, 6', /> be four points ranged in order on a circle, 
^ if cot AB 4- cotAJD = 2 cot AC; prove 

sin AB : sin BC : : sinAB : sin DC. 

29. If tan^a = i + atan^jB, prove cos^jS = i + cos 2 a. 

3 ^* Drove sin 6 a = cos a (6 sin a - 32 sin^^a + 32 sin^ a). 

31. cos 6 a = —(I — i 8 cos-a +48 cos^ce - 32C0S6a). 

32 . „ = 

sin3a-cos3a \ 4/ Vl - 2 sin 2a/' 

33 - Find the circular functions of 15°. - 

15° = sin (45 - 30) = sin 45 cos 30 - cos 45 sin 30 = 

2'V 2 

hnilarly, cos 15° = — 

, 2 V 2 

fence 

tan 15° = —£ = 2 - 3, and cot 15“ = 2 + VY- 


V 3 4 I 


34. Find the circular functions of 75®. 

Since 75° is the complement of x5®, we have 


sin 75 = cos IS = - 
35, Having given 


V3 + 1 


tan 75° = cot 15 = 2 + V 3, &:c. 


sin 0 4 sin (p = a, cos e + cos p = b ; 

a. ^ ^ 4 <» 

tan - 4 tan ~ = -tt—L-^ * 

^ 2 4 4 2^ 


sin (0 4 <^>) = 
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^ , Tr ^ COS W ~ 0 I t i- e u 

36. If cos 0 = prove Ian - = ^ ^ —» tan 


I~ ^COSM 


^ -rr 2’** 

37. If a = —, prove cos a + cos 2 a + cos 4a + cos 8 a = 

38. If 

(I + cos ^} (I + cos .^) (I + cos C) = (I - cos ^) (I ~ cos i?) (I ^ cos C), 

prove each = sin A sin B sin C. 

i 


39. Prove sin a = 


cot la- cot a* 


40. 

•>1 

tan a = — r; —. 
cot ‘I 0 ~ tan I a 

41. 

TJ 

i+cosa+cos 2a 4 cos3a = 2 C 0 Sa( 2 co.s 2 a 4 cos a- 1). 

42. 

» J 

tan(30» + .J.)tan(30- = 

43 - 

?» 

sin 3a = 4 sin a. sin (60® - a) sin (60'^ 4 a). 

44. 


cos3a = 4 cos a. cos (60'’ - a) cos (60"* 4 a). 

45 * 


sin (a 4 0 ) sin 3 (a - iS) « sin® ( 2 a«- )8) - sin® (2$ - a). 


46. If a + + 7= 2ff, prove cos 20*cos 2 («r - «) 4 cos 2 («r 
4 cos 2 (o' - 7) = 4 cos a cos $ cos 7. 


47. Prove sina+sin3a+smsa...+sm(2?^-i)«j 
48 „ cosa + coH3a + cos 5a.., f cos(2««. l)as 


sin^ wa 
’ sin a * 
sin 2«a 
* 2 an a" 



CHAPTER V. 


INVERSE CIRCULAR FUNCTIONS. 


Section I. 


42. When an angle is given, to each value of it there 
is but one value of each of the circular functions ; 
but if the circular function be given, and it be re¬ 
quired to find the angle, it will be seen, that to each 
value of the function there is an infinite number 
of corresponding angles. It will be sufficient to 
establish rules for the sine, cosine, and tangent; since 
the rules for these functions hold for their recipro¬ 
cals—the cosecant, secant, and cotangent 

43. Sines. — Let a he the sine of an arc; it is re¬ 
quired to construct the arc, 

Sol.—Let 0 be the centre of the unit-circle, A the 
origin of the arcs. Draw B 

the diameters AA', BB' at 
right angles ; and take on 
O^the line ON, whose nu¬ 
merical measure is equal 
to a. Through N draw 
RP' parallel to A A*; then, 
since/W, P'M' are each 
equal to ON, the sines of 
the arcs AP, AP‘ are each 
equal to a ; but the arcs AP, AP' are supplements; 
and if one of them be denoted by a, the other will 




64 


INVERSE CIRCULAR FUNCTIONS. 


be TT - a. Again, since the sine of an angle is not 
altered when the angle is incn'ased by z/ztt (Art. 22), 
it, follows, if $ be the general value of the angle 
whose sine is that 

6>=2//7r + a, or ^ " (2« 4 1) TT - a, (no) 
where n denotes any positive or negative integtT. 

Cor .—If two angles have the same sine, eitluT 
their difference is an even multiple or thtn'r sum 
is an odd multiple of tt. 


Exercises— XXV. 

1. What is the general value of (he angle whose sine is ^ ? 

2. What is the general value of 0 if sin* & - r ? 

3. Write clown all the values of 0 whicli satisfy the equation 

sin® 0 = sin® a. 

4. (riven coscc‘-^0 *“ what is the general value of 0 ? 


44. Cosine.—.^ a be ike cosine of an arc, it is 
required to find iis general valuta 

SoL —Let A be the origin of arcs ; AA\ BB' two 
diameters at right angles 
to each other. Take on 
OA the line OM, whose 
numerical measure is equal 
to a. Through M draw 
parallel to BB^; then ^ 
it is evident that the points 
P, P' will be the extremi¬ 
ties of ail arcs whose co¬ 
sine is equal to a. Now, 
if AjP be denoted by a, AP' will be (Art. 23) 
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ence, if 0 be the general angle whose cosine is a, 
i have 

6 - zniT ± a, (IJ ^) 

lere n denotes any positive or negative integer. 
Cor ,—If two angles have the same cosine, either 
eir sum or their difference must be an even mul~ 
)le of TT. 


Exercises.— XXVI. 

I. What are the general values of 0, which satisfy 
sin 30 = sin 0 cos 20 } 

From the given equation we get 

sin (0 + 20} - sin 0 cos 20 = o. 
mce cos 0 sin 20 = o ; 

erefore either cos 0 = o or sin 20 = o. 

From the first of these equations we get 0 = some odd mill- 

)le of and from the second 20 = any multiple of tt. Hence 
2 ?Z7r 

th are included in the equation 0 = where n is any 

;eger. 

2-12. Find the general value of 0, satisfying the following 
uations:— 

2°. cos 0 = cos 20. 

3®. cos 0 + cos 30 + cos 50 = o. 

4®. sin 0 4- sin 20 + sin 3 0 = o. 

5°. sin 50 = i6sin^ 0. 

6®. sin 90 — sin 0 = sin 40. 

I 

7°. sin 0 + cos 0 = ~. 

V2 
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sin 40 + sin = 0. 

9“. 

cos 0 cos 50 -1- cos 50 cos 70 = 0. 

IO\ 

sec 0 = 2. 


sin 0 — cos 0 = 4 sin 0 cos^ 0. 

12°. 

sin II0 + sin 70 + 2 cos'- 0 = i. 

45. Tangent. — he the tangent of an arc, it is 
required to fi?id its general value. 

Sol. — APA’ be the unit circle; A the origin 
of the arcs ; 0 the centre. 


Draw AT touching the 
circle, and take A T, such 
that its numerical mea¬ 
sure shall be equal to a ; 
join OTy cutting the circle 
in the points P, P'\ then ^ 
any arc terminating in 
either of these points will 
have its tangent equal to 
a. Hence, if AP = a, and 
0 be the required arc, the 
general value of 6 is given by the equation 

(iiz) 

where n denotes any positive or negative integer. 

Cor .—If two arcs have the same tangent, their dif¬ 
ference must be some multiple of tt. 
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Exercises.— XXVIL 


-4. Find the general value of 0 in the equations- 

1°. 

tan0 = I. 

2^ 

tan*'^ 0 = 3. 

3”- 

tan^ 0 = 

4°. 

tan^ 0 -f cot^ 0 = 2. 

-16. Solve the following equations :— 

5 ^ 

2 sin 0 = tan 0 . 

6°. 

6 COt^ 0—4 COS^ 0 =s: I. 

7“* 

tan0 + tan ~ = 2. 

%\ 

tan 20 + cot 0 - 8 cos'-^ 0 = 0. 

9"* 

tan 0 + cot 0 = V2. 

10°. 

COS 0 + Vs sin 0 = V2. 

II®. 

cot = 3C0t (^+9). 

12®. 

tan = I + sin 20. 

IS'’. 

sec 0 =: 2 tan 0. 

14®. 

(cot 0 - tan 0)2 (2 4- V3) = 4 (2 - 

15®. 

cosec 0 cot0 = 2 V3. 

16®. 

cos 0 ^ ^ 

--4. tan 0 = 2. 

I -1- sin 0 


17. Given the difference of the lengths of the shadow of a 
ower, when the sun’s altitudes’are a°, respectively = h feet; 
ind the height of the tower. 


F 2 
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Section II. 

46. Def. —The following is the notation used for 
inverse functions : 

sin~^jr, tan"^:s, &c. 

They are read thus: The arc whose sine is x; the arc 
whose cosine isy ; the arc whose tangent is Thus, 

zvhen we put x = sin 0 , we can say conversely 0 = sm~'^Xy 

&c. 

From the foregoing definition we see that every 
relation between the direct circular functions has a 
corresponding relation for the inverse. Thus, from 
the equation 

tan (ai + 02) =-(equation (96))^ 


we get ax + ot2 = tan 


I - tan tti tan az 

tan tti + tan as 


I - tan ttx tan 


Now put 

tan ax = Ui, tan = <3:2, then ax = tan"^^1, 02 = tan*" ^^2- 


Hence tan”’<3:1 + tan"^^2'2 = tan" 


+ <^2 

i -aia^ 


y (” 3 ) 


which is the inverse formula corresponding to^(96) 
for the tangent of the snip of two angles. 


Exercises.— XXVIII. 

2 a 

Prave 2 tan - ^ a = tan~^ 

,, 3taii~^a = tan 


I — 

fi ~ 3a^’ 
120 


4taii-^-~= tan-'*- 

5 119 


3- 
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4. 

Prove 

4 tan-— tan"1 -f tan"^ -,V = - . 

4 

5- 


tan-ijv + cot-iji? = ~. 

2 

6. 


tan+ taii-i ■} + tau"^+■ tan "^} 

4 

j • 

.. 

sin" ^ -J 4 sin " ^ -/y = sin - ^ § J. 

S. 

” 


9- 

>} 

tan"^-J- 4 tan-^ J 4 tan"^ iVj &c., to inf. = 

10. 


if tan- 0 = tan (0 ~ a) tan (0 - j8), 



^ ^ , 2 sin a sin )8 

20 = tan-i . 

sin (a 4 /8) 

Solve the following equations :— 

1C I. 


cot-^ JKT 4 cot-^ a; 4 i) = cot"i (n — i). 

12. 


, . . X TT 

sm-^ 4 Sin-1 . 

2 4 

13- 


tan- ^ 2 x 4 tan- . 

4 

14. 



3CS- 


cot"^ — -i- cot-^ —JL™. = tan-1 'ix - tan' 

X 1 X - 1 


Section III. 

47. The inverse circular functions are not the 
only ones that have multiple values; for, as we shall 
ee in the following propositions, the direct func- 
ions in several cases have more than one value 
though not an indefinite number) when expressed 
n terms of each other. 
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48. If the cosine of an angle he given, the sine and the 
cosine of its half are each two -valmd. 

Bern.— 2 = i - cos^ (^ 5 ); 

therefore sin = ± — . (114) 

In like manner, 

^ /i ~ cos (9 . . 

cosi=±^ -^-• (115) 

49. Lemma I. — If A lie between 45*^ and 225^^ 
sin A - cos A is positive; and if between 22 f and 405 
sin A — cos A is negative. 

For, 

sin(.^-45°) = sin .4 cos45°-cossin 45® 

= (sm .^4 - cos A) 

V 2 

Now, if A lie between 45° and 225®, (A -45) lies 
between o and 180°, and sin (A ~ 45®) is positive ; 
therefore sin A - cos A is positive. In the same 
manner, if A lie between 225^ and 405°, sin .^4 - cos A 
is negative. 

50. Lemma 11 .— A lie betweenand 135^, 
sin A +cosA is positive ; and if between 1 3 5*^ and 315^^ 
sin A cos A is negative. 

This may be proved by the equation 

sin (A + 45®) = (sin A + cos J[) 

V 2 

51. If the sine of an angle be given, the sine and the 
cosine of its half are each a four-valued function. 

For (sin + cos = i + sin (f (83), 

(sin ^B - cos iBy = i - sin B (83). 
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nee 


sin ^9 = 


cosiO- 


*s/ 1 + sin 9 
2 

-v/1 + sin 9 
2 


I - sin ^ 

-> 

2 

a/ I “ sin ^ 
2 


(116) 

(117) 


the angle ^ be given, the preceding lemmas 
Lble us to determine the signs to be given to the 
[icals in these equations. 

52. If the tangent of an angle he given ^ the tangent of 
half is two-valued. 


Dem.—^We have 


tan 9 = 


2 tan ^9 
I - tan- ^9 


ence, putting tan i '9 = and tan ^ we have, 
r determining x, the quadratic equation 


2 

x'^ + - X - I - 0, 

.i.ich proves the proposition. 

53. If the cosine of an angle he given^ the cosine of 
'.e-third of the angle is three-valued. 

9 

Dem.—In the formula (103) put a =-, and we get 

cos ^ = 4 cos^ —% cos 
3 3 

fence, putting 

- , 9 

cos 9 - a^ and cos ■“ = x, 

3 

2 a 

'■e get — = o, (119) 

4 4 

.rhich proves the proposition. 
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Exercises.— XXIX. 


Solve the foUowing equations:— 

1. sin (x + a) - cos . sin ^ = cos a. 

2. sin (x a) ^bsinx c cos x. 

3. cos [x — a) =msiTLx - n cos x. 

4. tan {x -i-a) + tan {x — a) = 2 cot x. 

5. sin {(j> x) = cos {<!)--x), 

6 . tan 2x 4- tan 3x = 3 tan x. 

7. cos sx 4- sin ^x = (cos x — sin 

8. tan^ap — tan x = 0. 

9. If cos a = find the values of cos J a and sin J a. 


10. Given tan 20 = —: find the values of sin 0 , cos 0 . 

7 

1 1 . Prove the following system of values :— 


I' 

sm — = 

iV 2 , 

cos 

X 

V2. 



4 



4 



2' 

■ = 

|^ 2 -V 2 , 

cos 

00! 

II 


4 -Va* 

3“ 

sm -7 = 
16 

ij 2-^2 + -^2 

cos 

X 

16 


^24"V^2 4 “ V2. 

12. 

Prove tan ~ = /~2 — i. 

0 





13* 

If sin a = 

= -jy, prove tan | a 

=3 2 

±v 

r* 


14. 

If 2 cos a 

~ r 4- sin 2a- 

Vi 

- sin 2 a, 

between what 


limits does a lie ? 

15. If sec (0 4- a) 4- sec (0 — a) = 2 sec 0, 
prove cos Qz=.%J 2 . cos 

2 

sec 2a 4-tan 2a 


16. Prove tan^ (a 4 " 45“) = 


scc2a~-tan2a* 


f 





CHAPTER VI. 


RELATIONS BETWEEN THE SIDES OF A PLANE 
TRIANGLE AND THE CIRCULAR FUNCTIONS OF 
ITS ANGLES. 

Section I. —The Right-angled Triangle, 

54. In a right-angled triangle, any side is eg^ual to the 
rectangle contained by the hypotenuse, and the sine of 
the opposite, or the cosine of 
the adjacent angles. 

Dem.—Let ABC be a 
triangle having the angle 
C right; then (Chap. IL 
Art. 10), A 

BC = AB sin^, AC = AB cos A. 

Hence, denoting the numerical lengths of the sides 
BC, CA, AB of the triangle by the letters a, h, c, 
respectively, we have 

a ^ c sin A, (^20) 

b = ccosA. (i2i) 

55. In a right-angled triangle, either side divided by 
the other side is equal to the tangent of the opposite angle, 
Dem.—Dividing equation (120) by (121), we get 

^ = tan^, or a = bta,nA. (122) 

0 

Cor,—a = c cos B, h=^csm.B, a = b cot B. (i Z3) 
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Olservation ,—^The three equations (i2o)~(r22) arc suTicient 
for the solution of all the cases of the right-angled triangle. 


Exercises.— XXX. 


I. 

Prove 

tan2 (41^ ~ *, J) = rr tan- h />'. 

2. 


tan^ (45 -i -1 u 4 ) =■■ rs cot- 1 B. 

3 * 


tab 

sm 2 . 

4. 

j) 

cos 2A = —. 

5 * 

>> 

, tab 

inn 2A sz 

6. 


^ xalP" — d^ 

sm zA = -—3—. 

7 - 


^ - za-l’ 

cos 3-^ = . 

8. 

» 

tan 1 A or 

^ b -i c 

9 - 


.... c~b 

sm^ \ A = ' , 

10. 


£ h b 

cosHX=—. 

2C 

II. 

In a 

plane triangle, the altitude (lividcs tlie base iii{< 


segments proportional to the coUingcnts of the adjacent Ikim 
angles. 

12. In a plane triangle, the altitude divides the vertical angle 
into two segments whose cosines arc reciprocally proportional 
to the adjacent sides. 

13. A tower and its spire subtend etpml angles at a point 
whose distance from the foot of the tower is a ; If h be the 
height of the tower, prove that the height of the spire is 
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Section II.— Oblique-angled Triangles. 

56. In any plane triangle, the sides are proportional 
^0 the sines of the opposite angles. 



B D G B C • I) 


This proposition has been already proved in 
Chap. IV. Art. 31, Cor. The following is the proof 
usually given:—Let ABC be any triangle; from 
A draw AD perpendicular to the opposite side. 

I®. Let B, C be acute angles ; then, from fig. (i), 
we have 

AD = AB sin B, AD = AC sin C ; 
therefore ^ C sin C = AB sin B. 

Hence AC : AB :: sin ^ : sin C ; 

or ^ ^ : sin ^ : sin C. 

2°. If the angle C be obtuse, we have, from 

%- (2). 

AD = .^4 C sin .^4 CD = ^ C sin ^ CB ; 
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since supplemental angles have cqi 
before, 

AD = AB sin li- 
Hence AC C ^ AB sin 

therefore d : c : : sixiB * sin 

3 ° If the angle C be right, we li 
a : c :: sin A : i 9 
but I = sin 90® = sin €7 

therefore a : c :: sin A : sin C 

Hence, in every case the sides are 
the sines of the opposite angles, or^ 

sin A sin B sin 


a 

h c 

57. The sum of a?iy two sides of a * 
third side as the cosine of half differsne. 
angles is to the sine of half the contain 

Dem.—We have 

a sin A ^ 

fri 

c sin C 

and 

therefore 

b sin,^ 
c “ sin C ’ 

a sin ./4 + sin^ 

_ 2 sin J (-4 + If) 


^ sin C 2 sin -I fJ 

but since J {A + B) is the complemer 
sini(^ = cosi C. 

^ + cosi(A-B) 
c sin I" C 


Hence 
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58. The difference of any two sides of a triangle is 
o the third side as the sme of half the diffej'ciice of 
he opposite angles is to the cosme of half the contained 
rngle. 

Bern.—We have, from (124), 

a: — 3 __ sinJ __ 2 cos (-^ T) sin 4- (-^ 

e sin C ~~ 2 sin C cos ^ C ’ 


but 


cos (A + B) = sin 4 C; 


therefore 


c cos -J- C 


(126) 


59. The sum of any two sides of a triangle is to their 
d.ifference as the tangent of half the sum of the opposite 
rzngles is to the tangent of half their difference, 

Bern.—From (124), we have 

a^rh __ sin + sin B _ tan -J- (.4 + . 

a-b sin sintan-J' 

We get the same result if we divide (125) by (126). 


Exercises.—XXXI. 


I. If AD bisects the angle A of the triangle ADC; prove 
jRDzDCi : sinf::sini?. 


2. If AD bisect the external vertical angle; prove BD : CD' 
:: sin C*: sin 


5. Hence prove 


I ^2 cqs\A ,cos\{B-C) 
DC a €Ya.B 


1 __ 2 sin^ A .sm.\ {C’-B) 
CD a sin B 


4- 
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5. The vertical angle of any triangle is divided by the median 
that bisects the base into seginents^ whose sines are inversely 
proportional to the adjacent sides. 

6. 1 (AI> be the median that bisects £C; prove 


tan ADB 


zbe sin A 

~(ft fZ 


7. In the same case, prove 

cot BAD '}• cot CAD ~ 4 cot A + cot B + cot C. 


60. Jn every plane frian^ie^ each side is equal to the 
sum of the products of the other sides into the cosines of 
the a 7 igle$ which they make with the frst side. 

Dem.—From fig. (i), Art. 56, we have 

BC = BD + DC = AB cos B-y AC cos ( 7 , 
that is, a = c cos i? + ^ cos C. 

Again, from fig. (2), we have 
BC^BD-^CD^AB coscos(i8o-C) 
-AB cos AC cos C, the same as before. 


Thus, 

a - h cos C ^ c cos B; 

(iz8) 


/; = c cos A + a cos C; 

(129) 


c^a cos .^4* h cos A- 

(' 3 o) 


Exercises.—XXXII. 



1. Prove a[b cos C -^ cos c^. 

2. „ 4'<?)cos ^"h cos 4 .^)cas + ^ + c 

3 . „ a (cos B cos C-^ A) k (cos Ceos ^ + cos B) 

s= c {cosA cosB + cos C). 

4. ,, 2 {a COB A b cobB + c cos C} = a cos (S - C) 

+ b cos (0* — ^) "f c cos (A -^B). 
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5. Prove {<z + ^ + (') (cos jf + // + cos C) - 2 (a cos® I A 

+ if cos® J. B -I' c <*os'“ ^ C). 

6 . „ c (cos A »i- cos 77) 2 (a -f* if) (sin® | C). * 

7. ,, c {cos A i:<>s/7) 2 (// — ^x) (cos’- 1 C*). 

,, tan 77 •- tan tS’' = (a^ //® - ^ r®) .» (//® 4. 7 *). 

9 . ,, f7" + !• o'* 2 {a& cos 6 ’“|‘ cos A 1 m cos 77). 

61. In anjf plane iriangie^ Ike excess o/ Ike sum of ike 
squares of any iwo sides over ike square of ike ikhd side 
is eiqual io twice iheir product into ike cosine of ike con- 
laincd angle. 

Dem.—“Multiply the c(|uationH (tzH), (129), (130) 
by a, b, c respectively, and subtract the first product 
from the sum of the second and third, and we get 

ir I f- - cA - zbc cos A - (* 3 0 

And, interchanging letters, 

r 4* - P “ zca COH J9; (t .p) 

and d' + - c’^ « zab cos C. {^ 33) 

Conversely, equations (izB) - (130) can be inferred 
from equations adding the two 

last and dividing by za^ we get (128). 

Again, we may prove the proposition that ' ih sides 
are proporimmi ioihe sines of iki opposite angks^ by the 
equations of this Article. 

For we get, from (131), 

cmvl -(//p ; 

that is, 

- 4//V bill'd zi/d -» 2/;%^ - zaW 4 M + cA, 
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Hence 

sin^./I -i-2c^d^ + 2(7^Ir - 

--- ; (,3^) 

and since the second side of this equation is unaltered 
by interchange of letters, wc sec that 

si n '^A si n “ 7 ? s i 11“ C 

which is the same as (124). 


Exekclses.— xxxrn. 

1. If one angle of a triangle be 120"'; prove that the square 
on the opposite side exceeds the sum fjf the squares on the re¬ 
maining sides by their product. 

2. If one angle of a triangle be 60''; prove that tlie scpiare on 
the opposite side is less than the sum of tlie s<|uares (ui the re¬ 
maining sides by their product, 

3. If 4 be an auxiliary* angle sudi that 


„ dad hin'*^ A C 
{a I d}- 

prove r ~ {a ~ d) sec 4 >. 

4. If 4 be an auxiliary angle, such that 

. . dad COS'* I C 

prove r (a + cos 4. 

5. If $ be an auxiliary angle, such that cos ^ ~ ^ {if r be ks> 


than d); prove 


tan® = tan ^ {B ^ C) im ^ A. 


* An auxiliary angle in Trigonometry is one introduced for 
the purpose of rendering a formula adapted to Logarithmic 
computation, 

r 
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6. If0be the indiukd angle of two adjacent sides a, /M>f a 
parallelogram; prove tliat the vpiarcs of its cliagonak are 

4. ^2 2 ab cosd\ a'^ I //3 - 2(i// cos 0. 

7. If ^'be the diagonals of a (|nadriiateralj 0 their includt^d 
angle; prove 

area - | 0. 

S. In any triangle, prove 

=■: (a + bf sin2 1 C 4 {a - | C\ 

9. In any triangle, prove 

2 {(I + bf> sin- \ C {ft «' by | C 

. ■ ■ cusM -//; ‘ • 

to. If A', Ji\ C hf the suiipk-im-nts ofthi: .ingles A, IK C(il 

a triangle; prove 

ibc versin A’ 4 tm versin // 4 tab C* ■<■■■ f ^ I c)"'- 

If. 140ve sin (/I -* B): niii ( A 4- B) :: - /A : t*. 

62. To express ike sine^ the cosine^ and the faugmi, 0/ 
half an angle of a irkmgk in krrm qf ihe sides, 

I®. We have^ from (131), 

zbc cos A - 4 r* - (a) 

and tk « zbc, (^) 

I feEce, by subtraction, 

zk{i - cos-4) * a*- '--cf ; 

therefore sin* t^ « {a 4 b ^c){a^b^c); 


82 


OBLIQUE-ANGLED TRIANGLES. 


Let a + ^ + c = 2jr, so that s is the semiperimeter of 


the triangle; then 

a-b c - 2{s - h). 

and a h b-€-2{s 

-c). 

Hence 

sin iA = ^ 
'S 

Ks-b){s-c) 

1 be 

im) 

Similarly 

sin l:£ = ^ 

/(s-c)(s-a) 

’ ea ^ 

(136) 

and 

sin i* C = ^ 

j(s-a)(s-b) 

ab 

(» 37 ) 


By adding equations (a) and O) we get 
zbc (I + cos A) = +• cf - <2®, 

or 4^^: cos^ ,}A - {b *f c + a){b + c - a) = 2X . 2 (x - a); 


therefore 

cos 1 i4 = ^ 

js(s -aj 

J be * 

(' 38 ) 

Similarly, 

cos IB 

/s(s- 6 ) 

J ca " 

( 139 ) 

<ind 

cos 1 

IsCs-f) 

V ab 

(ho) 


f. By dividing equations (i 35 H* 37 ) by (138)- 
(140) respectively, we get 
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S3 

Cor» I. — smA=^\/s{s-•‘a){s-b){s--c). (144) 
For 

sin ./4 = 2 sin A cos iA = -^\/s.s-a.s-d. s - c. 

DC 

Exercises.— XXXIV. 

1. Prove tail^A .tan|:.^ = ^— 

2. 

3- 
4. 

5 - 

6 . 

7 - 

8 . 




taii^A -f tan — (s — I/) {s ~~ a). 

cos^^A ^ co&^^B = a{s ^a) b {s - b). 

tan I-A — tan -}B a — b 
taxi^A + tan ^B c 

2&V + ^ 2a^}p> _ < 2 ^ _ ^ 

= i6s . a. s~~b. s — c, 

ABC 
(b — c) cot —+ cot —+(a--i5) cot— = o. 


A B ' C 

he cos® — Vea cos® — Voh cos® — = s^. 
222 

C B 

h cos® —\-c cos® — = j. 

2 2 


C B 

h sin® — 4 ^ sin® — «s j — a. 
2 2 


9- 
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ABC 
lo. Prove {s - a) tan — = (.f- tan — = (^ - c) tan 


flS sin 2B + sin 2 A ~ 2 db sin C. 


ABC r _____—_ 

12 . ,, j^tan—tan “ tan — = V«r. (vT- 

13. Prove that the length of the line bisecting the angle A of 
a triangle, and meeting the opposite side, is 

, A 
2 he cos — 

_ 2 

h c 

14. If jj/, 2 be three angles determined by the relations 


cos X = T-, cos y = —-—, cos ^ 

h-\-y c ^ a: 


c 

a + h^ 


prove tan^ ~ -P tan-™ -p tan^ - = i, 


X y z ^ A B C 

,, tan - . tan - . tan - = tan — . tan — . tan 

222222 

_ sin ^ + sin B 

15 . If in a triangle sin C =- -r J prove C - 

^ “ cos A 4 -cos 2 


16 . Prove 


tan ^A — tan-|^ __ a + h 
tan|-Z"+ tan|A c 


17. 


vers A __ a {s-d) yers{A + B) ^ s(s-c ) 


vers B — af 


vers C (s-‘a){s— &j" 
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PROPERTIES OF TRIANGLES, ICrC. 

^63- To flnid ExpresniouM for tlic Area of a 

Triangle. 

I®. The area of a iriangk is equal in kaif ike prod mi 
of any two sides into the sim if ihiir mduikd angle, 

Dem.—Let ABC be the triangle, Cl) the perpen¬ 
dicular from C on AB; then 
(Eire. 11 .1. Cor, z) the area of 

ABC^hAB,€D; 
but CJD^ACsmA, 

Hence / 

area = ^AB . ^ C sin /I; / 

that is, 

area* Ik $mA, (145) 

2^ The area o/a iriangk in terms 0/Us sides. 

Since sin A ^ %/s ,s > a , s ■ h, h • / (144); 
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substituting this in (145), we get 

area of the triangle = ^/s{s - a)(s - d) (s - c). 

(146) 

Def. —The area of the triangle shall be denoted 
by S. 

64. To tlie madlMS tlie Sascritoedl 
Circle of a Triangle. 

Let ABC be the triangle ; r the radius of the circle; 
0 the centre; B, E, i^the points of contact. 



COA = 

2 

2 


, ^ o (a + h, + c\ 

therefore -S = (-- \r ~rs; 

r=-= 


therefore 
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65. To the* Hadll of the Encrlbert 

Circles of a Triangle. 




Denoting the radii of the escribed circles liy 
r", we have the 

area of triangle BOC - | ar^ i 
„ CO A . I bC ; 

Hence, adding the two last, and subtracting the 
first, we get 

S « i I r A (f - #) r'; 
therefore r', (148) 


Similarly, 


and 
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Alternative proofs of the equations (47)"-(so) may 
be given. Thus, see %. (14.7), we have 

that is {Seguel, IV. Prop, i.), 

r 4 (i* - a) « tan I-A. 

Hence li^ i£-JUiz£) ^ . 

y s s 

and similarly for the others. 

66. To liiitl the Clreiftnftradilcis oC a TrI- 
aagle la Terms of Its l^ides. 

Let i? be the circumradius; then (Art. 31) 

a . . zS , . 

therefore «= 

be 

Hence (*50 

67. To fittd tlie Ar€sa ^Ca Cyclic ^aadlrila- 
teral la Term« of its SWe«. 

Let ABCjD be the quadrilateral, and let the sides 
and diagonals be denoted as 
in the diagram; then, since 
the angles B, D are supple¬ 
mental, we have 

- 0^ - z ah cos B 

(Art. 61) (a), 

8^ 4 + zed cos B; 




PROPERTIKS OF TRIANGLES. 


and eliminating S, we gctt 


cos B - 


4 - P - p ^ (p 
2 {ab + cd) 


Hence sin® I B - 






4.{ab + ai) ' 

t±^LzSLz 

4 .(ab i-€d) 


Now, putting s for the semi peri meter of the qua¬ 
drilateral, these equations give iis 


sin IB 


af^Tcd ’ 




Hence 

Sin^- ^ a}(sj/,){s-c)(s ^ 

iib~hai ^ 

Now, if S denote the area of the quadrilateral, we 
have 

*S* I (ab ¥ €d) iiii B (Art* 63) ; 

therefore S - 1/*(,? 11) {s ■■ //) {s - c)(s »r/). (155) 

CV. i—lf we siiIistitHte the. value of cos In 
equation (a), page 8r, we get 

P . i ^ M)iad^k) 

{(d F £fi) ' \ S ; 
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Cor. 2.—If R be the circumradius, we have 

8 




2 siiiR' 


Hence 4.R = ^ 


'(ac + + cd) {ad + be) 

(i* - a){s b) (s - c){s - d) 


■ (158) 


68. To express the area of any quadrilateral in terms 
of its sides and a pair of opposite angles. 

We have (see last diagram), 

S {ad sin A-^hc sin C ); 


but cos A - - —, cos C -=——. 

2.ad zbc 

Hence 

zad cos A - zbc cos C = 
therefore 

(a + ~ f = /\.ad cos^i-A + ^.be sin^ J C, 

and 

(b + ey - (a - dy = ^ad sin^ ^ + 4.be cos^ i C. 


Hence, multiplying and reducing, we get 

(s - a)(s - b)(s - c)(s--- d) = i(ad sin A + be sin Cy 
+ abed cos^ i(A + C); 

therefore 

- a)(s --b)(s-^ e)(s - - abed cos^ J (A + C). 
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S9. Being given the side of a regular polygon of 
ides, to find the radii of its inscribed and circum-- 
ihed circles. O 

Let AB., a side of the 
lygon, be denoted by a. 
t (9 . be the common 
citre of the circles; r 
3ir radii. Let fall the 
rpendicular OD ; then 

TT 

e angle ABO == —; and 

2 ^ D B 

,m the triangle A OB we have 

.40 . sin .^4 OB = AB ; 


at is. 

. TT a 
/C.sm — = - : 
n 2 


erefore 

R=—eL-, 

. IT . 

2 Sin - 
n 

(160) 

gain. 

AB ~ OB ~ tan AOB; 


iat is, 

a TT 

~ r = tan ; 

2 n 


ierefore 

a 

r --• 

'TT 

(161) 


2 tan — 
n 



Cor. I. —^The area of the polygon, being «times 
be triangle . 4 ( 9 ^, is 


a 

= n . — . r 
2 


na^ . cot — 
4 


(162) 
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Cor. 2.—Area = . sin - cos 

n n ^ 

TT 

Cor. 3.—^Area = ;/r^.tan ,(^64) 

ft 

Cor. 4.—The area of a circle, whose radius is r, 
is (165) 

For the circle may be regarded as the limit of an 
inscribed polygon of an indefinitely large number of 
sides. Now if n be indefinitely large, 

TT TT 

tan - = 

n n 

Hence, from Cor. 3, 

area t=: nr^= Trr^. 

n 


Cor. 5.—If B be the circular measure of the angle 
of a sector, 

, 

area of sector = (166) 


Exercises.—XXXV. 


1. The sides of a triangle are 18, 24, 30; find the radii of 
its inscribed and escribed circles, and the diameter of its circum¬ 
scribed circle. 

2. If two angles of a triangle be 75® and 45“^, respectively, 
and the included side 24 feet, find its area. Prove 

area = 4 -r-=. 

^ cot A 4 cot B 


3. Prove that the bisectors of the angles.^, C of a triangle 
are, respectively, equal to 


2dc cos ^A 


2ca cos J S 

t *4* 


2ab cos J C 
a + ^ 


c a 
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4, Prove tlsat the Ieii|»tlis of tlir \i«lt*s of the poflnl triangle?^ 
that is the tri.iii|.»k* formed hy tlic foe! of fho pcrptiuli- 

culars, arc— 

acQsA^ //cos//, < virsi\ ri*s|«o fjvdy. 


5. Prove 


III! 

~ /. i 

r r r r 


6 . 




I /; r 

V(d (fit 

222 



r t r 


12 . „ 


s 

2«//e i A li C\ 

n* »» 

*« 

fl 1 // M \ 2 2 t ) 

* 4 . n 

»» 

t sill A » sill //, sill (\ 

ts- » 

If 

4 Ur {cn\ 1 A . cm -1 //. cm | //)* 

lb. „ 

pp 

* cot 1 A , mt 1 M , cot 1 C. 


17. Prove that the area of tkt iii*tirclr : area of Iriaiagli 
: r : cot I ^ . col | //. i:ol | C, 

18. Prove Ifmt Ihc ptriinelcr of the pedal irtangk? h to 

§M iiii A sill M «lti C. 
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In the identities, 19--28 inclusive, A + £ ■+ C — t. 


19. Prove sin 2.4 + sin 2.^-1- sin 2 ^7=4 sin .4 sin sin C. 


20. 


- ^ ^ A B C 

sin .4 4 sm^4 sin c 7 = 4cos — cos — cos 
222 

21. 

jj 

ABC 
sin A 4 sin^-sin C = 4 sin—> sin — cos —. 

222 

22. 

}) 

^ ^ . A . B . C 

cosA + cosB+cosC—Asm— sm — sm — = i. 

222 

23 * 

ft 

cos 2^ 4 cos 2.^ 4 cos 2^74 4 cos .4 cos.^cos^41~ 

ABC 

24. 

f f 

cos—h cos —1- cos — 

2 2 2 


tt — A tt — jB tt — C 

=: A COS -- COS- COS -. 

4 4 4 


25- , cos —• + COS -cos —• 

2 2 2 

. TT—A . TT’-B it — C 

= 4 sin —^— sm — cos«—^—• . 

4 4 4 

26. ,, COS^A + C0S2^+ cos^^Tt 2 cos A cos i? cos C- i =0. 

27. „ 2 sin2^ sin2 £+2 sin^^ sin^ C+2 sin^ C siti^A 

= sin^ A + sin^R + sin^ Ci-S sin A sin £ sin C, 

28. ,, sin 3 ^ + sm 3 . 2 ?+sin 3^7 

ABC 3A zB 2C 
= 3 cos — cos — cos + cos ~ cos ~ cos —. 

2 2 2 2 2 2 

29. If a, y be the lengths through the vertices and the cir- 
cumcentre to meet the opposite §ides; prove 

^ __ sin £ sin C 3 __ sinf C sin A y sin A sin JB 

2R “ cos (B - Cj zR ~ 

30. Prove 2 R + 2r = a cot A 4 b cotB-^c cot C. 


31. Prove 


r c os IA _ r' cos \A 
sinJ^sinfC cos cos l-C 



PROPERTIES OF TRIANGLES. 


95 

32. If a\ If'j d be the sides of the triangle formed by joining 
the centres of the escribed circles ; prove 

f • ^ \ ^ 

a =a' sm —, b —o sm c = c sm 

33. In the same case prove that the area of the triangle whose 
sides are d, b'. d is 

r 

34. Prove that the distances of the centres of the escribed 
circles from the centre of the inscribed are 

A ^ B C 

a sec —, b sec c sec 

2’ 2 2’ 

respectively. 

35. The perpendiculars of a triangle are respectively equal to 

2S 2S 2S 

cot ^Bj+[ cot cot J C + cot J ’ cot + cot 

36. If e, dj e" be the reciprocals of the perpendiculars of a 
triangle, and if ed + d' == 2 ff; prove 


Vflr(cr - <?) (orZ*7y (cr^d^) = 

1137. In the same case prove 

sinM = ^Ver ((T - e) (tr--d) (cr - d') 

- 2 dd' 

38. If xjyj-jyz -h zx s= I; prove, by Trigonometry, that 

X jy z ^xj/z 

I 4 . ~ - Jc 2 j(l -^2) (l -i2!2)2* 

39. If ra, n, Tc denote the radii of the three circles, each 
touching the in-circle and two sides of a triangle ; prove 

rc = rtan» J 4 
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40. Prove 

41. Prove 

(ah + c)'^ cot -}A + cot J-A+ cot C 
^2 -f 52 _j. ^2 cot A + cot A + cot 6* 

42. If JR, r denote the radii of the circumscribed and inscribed 
circles to a regular polygon of any number of sides ; r' cor¬ 
responding radii to a regular polygon of the same area, and 
double the number of sides; prove 


and ^ -• 


43. If C be the angles subtended by the sides of a 

triangle at the centre of its inscribed circle ; prove 

4 sin^' sin JB' sin C* — sin A -j- sin -j- sin C. 

44. liA-^B+C—Tr; prove 

cos A cos B cos C 

- - —r —- , . . . . ■ 2 

sin ^ sin C sin C sin A sin A sin B 


45. If the distances of the centre of the inscribed circle from 
the angles A, B, C oi n triangle be denoted by d, e,f, respec¬ 
tively; prove 




cos^A 

-T- + 


COS JR 


+ 


cos JR I I , I 


and 


e 
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70. Every ii.i uinr'V, fliii- 

sides and the ihrfi' . Wh-n tlu-r mI 

these fart-;, lie* .'e, ‘,e' 

the ihrei: rt'niriiiiiii pej : , f 411 * .d* fd e* I , fie* jirM 

cess of doiiiA i i i elh I //; „ do, -e 

The reason lli»it liielhoj e ?i i--iif i', 

that they art* iiol ; f^r ’lei. L hh%ii , 

if two of !!if‘ifi be lie* Ibod 4 -!» rifiiftrd 

Triaa;.^le?; in triftMieiiiiiSn 4,0 ileud* ! luUt liylil 
angksl and fi!dif|ine Tie- *if lb’ ■ 

has been already ;(iwt:is. ^Vr nfjv/ iTo ili ii 
latter. 

71. There are four ease;, of o1)fif|iif-;iii;dt4ii in 
angles-— 

I. A u\Ii fimi imm 

II. 7 tiJ§ SiiicS fJM amgif #/#y> 4 -||lr /?! 0 fi/- ikfM. 

Ill* 7 wo siili'M' and ///r mflufkiiangP, 

I?. 77 ii iAra 

Cat# li ami C art iki gimn ririif/rn anJ 

a the gimn $uk; 

/I . f - (// 4 P]. \ 1 C 17 ) 

II • 



then 
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9 I 

Again, 


b €\nB 
a sinJ[* 


therefore log^ - log« = log sin.^ - log sin.^ 4 . 
Hence, adding 10 to log sin.^^ and log sin A, we get 
logZi = log a + Log sin^ - Log sin^. (168) 
Similarly, 

logr= log a + Log sin C - Log sin^l. (169) 

The equations (i67)-(i69) determine the required 
parts. 

IT A, B be the given angles, we have 
{ 7 =i 8 o^-(J + .F), 
and c are found as before. 

Exam ple Given 

j^=38°i 2'48L C = a = 7012.5, 
it is required to find the sides 6 , c. 


Type of the Calculation- 

A + iSo ; A ^ Zt* 47' 12'^ 

log a » 3.845S729, Log sin C = 9*9375306. 
Log sin B ss 9.7914038, Hence log c = 3.7878S10; 

Log A « 9.995525SS» ^ * 6r3S*94* 

log^ « 3.6417542. 
jfcl«oce h «4382,82. 
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Kxerci^'^Ivs.—“ XXX VI. 


I. 

Given a :: 

. f/1, 

//■■ 

511 io‘, 

t* 

122 t|* , 

1 .i|i lllitr 4 , 

2. 

t* 

4 ?I| 

A 


// 

ralriililr ##, /* 

3 - 

f» ^ -■ 

'■ 1 

A 


/i 

41 “ FL 

t:4lriii,4fr /?, r, I* * 

4. 

« ri :■ 

■ f| 9 f.g 

// 


r .: 

or 4 ; 

1 .ilnilrifr /if # , 4 , 

S' 

„ 

■i 0412, 

4 

7 t 4 SS^ 

e; 

SFr/; 


# :it* ill;|l»- f, //. 


6 . A tra!isvcr?i=;il fine 1.4 llir aii|»ir% rif jii r»|iiilf 4 trMi 

triangle ill tf«: r*ilifi rd 2 : l , in il timth lf|.r 

oppoiiitc side ? 

7* If a ptirallrl XFlfi tlir Ii.ihc fi(* ut' a tri.ifigir /f/IF fjr 
drawn, so tlial XF fiX i W; liipl tlic lrfi|»f.|i ##f 

gifen 

tf 2f|7% /F:^|7‘*24\ r 

S. Bdng given fir aiigdr’^ nf a fi.^| *'/mn and llir lfri||ltii ril 
tlie parallel mcIis ; dmw turn Ut eiiletiLile llic rciiiAitilrtg difci. 


72. 0a«# IL-^Gmn miiiI I/ii* h mkM* 

lak M, C, r. 


We have 
Hence 


^in B ^ /# 
sirt A ' (B 


Log sin fi Log sin J ♦ Ing I • lngi#* (1711], 


Since the sine of an atigh^ m r#|tial |ti tfir liiiir rtf 
its sttpplemenL wliea aii arigic of a tiktiglr in ffitsncl 
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from its sine, it is sometimes doubtful which of the 
two supplemental angles having the given sine is to 
be selected. Thu happens when two sides and the 
angle opposite to the less are given. Thus, if A CB be 
a triangle having A C greater than CB ; then, if CD 
be cut off equal to CB, the circle described with C 
as centre and CD as radius will cut the base AB in- 
two points, B, B'; then, joining CB', we have two tri- 


c 



angles, ACB, ACB', having the parts h, a, A exactly 
the same in both, although their remaining parts are 
different. Hence these two trianges fulfil the re¬ 
quired conditions. On this account this is called 
the ambiguous case in the solution of triangles. 

When two sides and the angle opposite to the 
greater are given, there will be no ambiguity, because 
the angle opposite to the less must be acute- 

73. The angle B having been determined, C is 
given by the equation 

A+B+C^ iSo^, 

and then the third side can be calculated as in Case l 
I t can also be found as follows:— 

We have 4. ^2 zbc cos A ^ (17^) 



and solving as a qaadratic we get 


c if cos A t y/// - // sin® J. 

If be less than d sin A, the values of c will be ima~ 

, ginary, and there will be no triangle answering to 
'the given conditions. If a = //smA^ the angle 
will be right, and there will be no ambiguity. 

, lastly, if a !)e greater than 3 mn A, there will be two 
real values for i*. In order that each may be posi¬ 
tive, cos® ^4 must be greater than sin® .^ 4 , or 

, ^ a must be less than S, as before. Hcnce^ m ike ambi¬ 
guous casi% a musi be less than h and greakr ihmn 
b sin A, 

Example.-—« 7, ^ ^ * 27® 47' 45", to 

find B, C, 

Type of the Calculation. 

_ Log sin B = Log sin A 4 log b - log a. 

I Log sin /4 c|.668686o. 

f log b .9030900. 

' log a -s, .8450980; 

j therefore Log sin ^ 9.7266780. 

There are two solutions— 

i?- or # ® 147^47'45''. 

Hence C- izcP\ or C« 4^24^50"; 

^ and r 13, 


or € 
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Exei^cises.---XXXVTT. 

1 . 

Given 

« = 345, ^ = 695, .^ = 21” 14'25", 

to fmd By Cy c. 

2. 

?> 

a — 77.04, b - 91.06, A ” 4F 13' 0", 

to fmd By Cy c. 

3 * 

ft 

a = 309, h = 360, A zt' 14' 25'q 

to fmd B, Cy c. 

4. 

ft 

a ^ 83.856, b = S3.153, B = 68" 10' 24% 

to find Ay Cy r. 

5 * 

ft 

a = 27.548, b = 35.055, B = (Hf o' 32", 

to find Ay Cy c. 

6. 

Given of a parallelogram a side a = 35, a diagcmal d = 63, 


and tlie angle between tlie diagonals 2r 36' 30'" ; it ih ref|uired 
to calculate the remaining side and the remaining «li.'igonal. 

74. Case ni. — Givm a, b and the angle to find 

Af B, €• 

From Art. 59 we get 

a i a-h \ \ tan \ (A + B) : tan I {A - A). 
Hence 

Log tan i (A - B) ^ log {a - b) + Log tan i (/i + B) 

-log {a+6). (172) 

Now, since C is given, its supplement {A + //) is 
given; and equation (172) determines |(J. 
Hence A and B are found. 

The side r can be computed from formula, Art. 57, 
which in logaritiims is 

log c « log {a + b) 4 Log sin 1 C - Log cos 

a 



‘TION of triangles. 103 

be found also by means of the 
^ of Exercises 3, 4, Art. 61. 
fi/en <2 = 601, ^ = 289, C = 100® 19'6'', 


of the Calculation. 

log <2:- ^ = 2.4941546 
log a + <5 = 2.9493900 
^ 54 -" Log tan I-+.^) = 9.9213621 

Log tan^(^ - = 9.4661267 

iiA -^)= i6°i8'is" 

50' 27"; 

^ = 56° 8'42", 

23°32' 12". 


Exercises .—XXXVIII. 

232, 

b = 229, 

C= 15® II' 21", 

to find A, S, c. 

5*32, 

s = 3476, 

C= 126® 12'14", 

to find A, Bf c. 

20.71, 

*= 18.87, 

<7=55*^12' 3", 

to find A^ 

S.54, 

S = 6.39, 

C= 12" 35' 8% 

to find A^ By c. 

3184, 

5 = 917, 

^ 7 = 34° 9'16", 

to find Ay By c. 


an equilateral triangle be divided into three 
:iilate the portions into which the opposite 
liy the lines connecting it vrith the points of 


i the diagonals of a parallelogram and their 
fthow how to calculate the sides. 
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75. Case IV. —To solve a Iriangle, being given the 
three sides» 

We have r = 

and tan 4 .< 4 = (Art. 65). 

s - a ^ ' 

Hence 

logr:=f {log (.y-£*)+■ log (^"-^) +Iog(i'-£:)- log.r). 

(^ 74 ) 

Log tan J = 10 -f log r - log (s-^-a). (175) 

Similarly^ 

Log tan iT - 10 + log r- log (s ~ b), (176) 

and 

Log tan I' C = 10 + log r - log (s ~ e), (177) 

Example.—G iven 

n = 15, ^ = 14, e = ; calculate A, B, C. 


lype of the Cakulaiion, 


a = 

13 

log (j - 

-a) c 

.<>0301)00 


14 

log (.f - 


.8450980 

C 

JS 

log {s ■ 


.7781513 

zs » 

42 



»-Sz 63395 

X 5= 

21 

logf 


1.3222193 

x-a « 

B 








1.2041200 

X - ^ = 

7 

log r 

SS 

.6020600 

X - X * 

6 .L 

10 flog r 

S 

10.6020600 
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lence Log tan i-A = 9.6989700. 

,, Log tan = 9.7569620. 

„ Log tan J 6* = 9.8239087. 

lence 

^ = 53"^ f ^ = 59"" 29' 23.18", 

C = 67® 22' 48.44". 


Exercises.—XXXIX. 

I. Given h = 533, c = 510 ; calculate A, B, C. 


2. 

>> 

a = 289, 

h = 601, 

^: = 7 I 2 ; 

„ A, S, C. 

3 - 

j* 

«= U, 

5 = II3, 

c = 120; 

„ .i, c. 

4 - 


a = 15.47, 

&= 17.39, 

c = 22,88; 

„ - 4 , C. 

5 * 

>> 

^ = 5134, 

^ = 7268, 

^ = 9313,' 

„ A, B, C. 

6. 

9 ) 

a = 99, 

tor, 

^=158; 

„ A, B. C. 


Miscellaneous Exercises.—^XL. 

1. Given <2 = 7, & = 8, 6'= 120"*; fmd A, C. 

2. „ a = 516, ^ = 219, 98® 54'; „ . 4 , C'. 

3. ,, = i8^ a = 3, ^ = 3 + ^45; solve the triangle. 

4. „ .i=r5”, <1 = 5, s = s + V^. 

5. If the angles of a triangle be in the ratio 1:2:7; prove 

that the greatest side : least : ; V5 4 i : i. 



SOLUTION OF TRIANGLES. 


io6 


I 


6 . Prove 


a 


{s. sin \A)-=r cos ^ B cos C. 


7. The angles of a triangle are as 1:2:3, and the diffe¬ 
rence between the greatest and the least side is 80 yards; find 
the area. 


8. Given a - iS, & = 2, 55°; find A, B, being given 

log 2 = .3010300, Log tan 62° 30'= 10.2835233, Log tan 56° 56" 
= 10.1863769, tab. diff. for i' = 2763. 

9. Given A = 30°, a = S, ^ = 3 V3 ; prove C = 90°. 

10. If C' be the two values of the third angle in the 
ambiguous case, when a, b, A are given, and b greater than a ; 
prove tan A ~ cot J {C + C). 

11. The area of an in-polygon : area of corresponding circum- 
polygon as 3 ; 4; find the number of sides. 

12. Given Log sin 59° 37' 40^=9.9358894, diff. for io"= 124, 
and Log sin.^ = 9.9358921; find.i4. 

13. The sides of a triangle are as 9:7, and included angle 
= 64° 12'’,' determine the remaining angles, being given log 2 
= .3010300, Log tan 57” 54'= 10.2025255, Log tan n® 16' 
= 9.2993216, Log tan 11° 17' = 9.2998804. 

14. If the alternate ahgles of a regular pentagon be joined ; 
prove interior : original pentagon : : 3 - V5 : 3 + V5. 


Solve the questions 15-18, without logarithms. 

15. ^ = 3, ^ = 2 \/3, A = 30*^; prove C = 90°. 

^ = 3-V'37 c 2 „ C=I2oL 

C = VS”; „ 6'= 60”. 


16. a = 2 V3, 

17. a =2, 

18. a = 12, 


b=: 


3_99 

40’ 


= 45 ^ 


^ = 36 ^ 


19. If the angle of a triangle be very obtuse, .show that the 
circular measure of the sum of B and C is very nearly 




{a-{■ b + c) {b c — a) 
be 
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fo; 

20. If the shle cif llie lirr-»e of .i ^rfiiiirr |»yrr‘iiiy«l ; length of 

an edge :: 4 : S *» tite nlupr f»f rarh I'.w r, being given 
log 2 ~ Ian 2ii ,1/ dilT. for 1' 

=■ 3200. 

21. The wdi's cif a triangle arc 7, H, «i; liinl the artaas of the 
inscribed and ibeil 1 ir* li:**. 

22. If an angle of a tiiaiiglc lie t*c», atid fltr iiifliiiling 

19 and I ; find the oilier liciitg j - .4771213, 

Log tan 57 ^‘ iT i T' 

^23. Prove P t: nifi if’: niti f/l //). 

24. The tlii«; of ,1 ffiaiigk' are 0, Ifg fi; find Log 

tan of the ?anallia 4 siigfc, tiring ifiveii It,ig 2 Ing j 

= .4771213. 

25. II tail I /I, fail I //, tail | lit* in L 7 *i |ir«ve 

if 

a "I c 

26. If ill a Irkiigb" 7 20 u jf*, |»mvr # o- pu %m 

27. .Solve ;i tfiaiigit*. Ii€*irig gl%*rn flir '-adr rl» flir ttlt|jk* /f, 

anti I he area. 

28. Sfdmr a iiiisiiglr, lt.i«iwiiig an angle awl l%t« 

2i|. Soltr a triaiigir: liciiin given I lie |*fiiiitlrf» ua mgk^ 
and I lit? mm. 

JO. Solvr a ; lirtiig givm lie* air--g flip mir # * 3fir| 

tlic tlilictciiir f#l ihr .idgiri-'fit .iiiglr-.. 





CHAPTER IX. 


APPLICATION OB' THE SOLUTION OF TRIANGLES 
TO THE mb:asuremb:nt of heights and 
DISTANCES. 


76. T® fiia€ tlie lleIgM and Wstanee ®r 
KnaceesslWe #l>Jeet an a llarteaaial iPlane. 

Let CD be the inaccessible object ; B two 
points in the plane ac- C 

cessible to each other; y'f 

and from each of which / 

the summit C of CD can y/ / 

be observed. / 

I®. Suppose the points / / 1 

A, jB, D to be collincar, / ! 

and let the angles of yw i 

elevation C,be ^ 

denoted by a, respec¬ 
tively; then in the triangle ABC, the angle 

Hence AC: AB :: sin /3 : sin (a - ; 

^ AB%m^ 

therefore AC ^ 

sm 

But in the right-angled triangle AJ)C^ we have 
CD ^ AC sin a, AD » AC cos a f 
ABumauinB . 

therefore CD», (178) 


therefore 


therefore 




US' !"*'’* 

Hill*!'"'-" ' 

^ I,./. 

l,fl t!”' ■’*' " 

1 > ' 

vatu 111 <*■ ' , 

l,y a, aii'l '■ 

A an<'* 

AUl) I'y 

tivcl> : Ih.-a i’‘ ’• 
angli; .1/'/*. 
AD-..UI-- a..-* 






I , 


/I 

■ 

J/. 

Ilciltt' 

J/J 

'..1 '■ • 

but 

f.7^ 

J/l 1,.. - 

l/i 

lleiicr 

ryj 


Tills riiSiltlt'H 

It ‘ 

,i,t ^' 

imm, I A rt » * *•» t-* 


77. tt»d *»•“ 

Ut 

A/i tilt' Vw’ • 

tlwn, 

a tlicoiifilii''» 
insilnijin'iit *!'*■ 
markfii «. «'• P’ **• 
iiw (VniyMH , m s5i»- ^•• 

triaUHk'/l//<'Hn-h«r 

HC .A/S '. nutt-Mif ■•* !•>'“'•* 


\ K. , 


A 



no 
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therefore 


BC^ 


AB sin a 
sin (a + * 


In like manner, from the triangle ABD we get 


BD= 

sin (a'+ p)> 

These equations give ns the sides BC, BD of the 
triangle BCD, and the contained angle is - (3'). 
Hence CD can be found by Case iii. of the solution 
of triangles. 

'78. T# find tlie of an InaeoesiisIMe 

situated afiove a Horiseontal plane^ 
and its fiei^lit alcove tlie Plane. 

Let CD be the object; AB the base line ; a, ^ the 
angles of elevation of C from A and B respectively; 



•a' the elevation ofi? from A. Then, from equation 
(17^). we have 


AE 


DB¬ 


AS su;3ULiias.p 
sin {a - B) 

AB tan a' 

sin (a- B) 


Hence 
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Again, from equation (17^)? we have 

AJ?sma,smfi 
sin (a -«• P) 

Hence 

__ AB sin ^ ,, 

CD = —~ {sma - cos a tan a I 

sm(a ' 

____ A B sin (« 1 sill /I (I g I) 

cos a'sill (« /^j * 

79. T® ll«d ibe Wwtaiice a» lllfjeet #» 
at Mwimmtml Flamie, frawoi 
made at twe Peinto In tbe liaitfte 'Wertiealt 

ali©¥e tMe Flane. 

Let A, B be the points of olBerv«tiioii; € tlif» 

point observed, whose hori- n 
zontal distance CD and ver- \ 
tical distance AD are re- 
quired. Through AB draw 

the horizontal lines Aa, Bb. A m 

The angles aAc, hBc arc 

called the angles of depres- , 

sion of C ; let these be dc- ' ' \ 

noted by §, S'. Now, it is 

evident that BD « CD tan ^ *' ® 

AD = CD tan S. 

Hence'" AB « CD ft^n ^ * 


Hence": AJS = CD (tan S' - tan 8); 

that is AB = ~ 

cos S'cos a • 

Hence CD = ^. 

sin (S'-a™' 

and therefore AD = ^ ^ 

sin (# - 8) ' 


Hence 
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8 o. Ai, C are the angular points of a triangle^ the 
lengths of whose sides are known; D is a point in the 
plane of the triangle^ at which the sides AC, BC sub¬ 
tend given angles a, P'; it is required to find the dis¬ 
tances AB, BD. 

Let the angles CAD, CBD be denoted by x, y, 
respectively; then, since the D 

sum of the four angles of the /* \\ 

quadrilateral ACBD is four / \\ 

right angles, and the sum of / \ \ 

the angles ABB, ACB is / \ \ 

(a + ^ + C), the sum of the _ \ 

angles x,y is given. Now, \ / 

denoting the • sides of the n. \ / 

given triangle by a, h, c, we \ / 

have from the triangles ADC, ^\\/ 

BDC, respectively, 

CdJ-A^, = 

sm a sin p 


therefore 


sinx a sm a 


sin^ b sin 13 

Now, assume an auxiliary angle <l>, such that 


belli ^ =» =—:— 

bsm/3 

then ^ can be found from the tables: thus we have 

sin X ^ tan ^ 
sinj/ I 


sin X - sinj/ _ tan ^ i 
sin X + sinj/ tan ^ 4* i' 


Hence 
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ihrreforc 


tail J f.r ,,f) 
tan i (x I 


tan ! </i 



ii3 

(184) 


I f.r j’} is .siiic:t* (x 4 j) is known ; 

ihtTrfurt! .r andj’ can be fouiic!, atui the (|ueBtion is 

st)lvetl. 


Kxicmcisks.—X f J. 

1. A tivvr imt tlir (md of ;i tower, wliich 

!Sfl aii <4 2 ,: 4 /at llir of the remote bunk ; 

tile! llii hriala iJ f!c' tema r. 

2. Af / - I-»< It'.l. li.' ' yf a If ttif* elevation is half 

ivi/. J a ; . ! I f ; iMel il la 1*^1!. 

.. f‘2 • tl,’- I' 5 ;.‘,l u! hfil, to?' yf elfeitioii at its foot 

111 -lie r', , i ‘.4 a I -iiif f/zi j.tu!, fiiiiu ifjc fsiol a hori- 

/i.iifil I i’l 

Il t!.* I's.rd'i *-l a #1 aA, ill wfjc It ih*: uxsnt K r in be 
1;; leib . cc a c 4 | 1,^ fly Is It! j Oiatj which attain^ 

lie ’ ,Of.f bf C!!i} .j?i 4 frill Iff I ill 13/ 

*1 |i« ‘ h.rltcA' fii .1 l«fo|'.|«rf c Irri Inrsc i*. 4'/j feet in sun- 
liC'la ; fb ’ 4 |fifj|»b\ aiiii tlir fo-ichl of .1 tower whose 

4 < rlifW i » l 2 o l‘ 11 

In A f bfl |{i;»|i |jjr. ,i mark at a hfialit of 25 feet 
from fit' |ff‘r. 4 iri ; f«pl at wli-il tlirt.iiii.c Ifoiii the foot the two 
|iai!% »tiht* fi'i i «|y allots . 

; 1 III M^r, fi a lpfff/i#iital ttiarialt' » 300, 

/«’/' cci, di" hitff file alfiltnle of a tower CD if the 

.liiitle AID: hi 4 I' i 

An ol*|rf f, hi ii^ht h sifiiateil above a horizon- 

til •wbiricin m « fri a fixer! |#oliil /i in the plane^ 

ilrlrifoinr thr ;tuyjr-,f4 tk fireyitiri of A a* srrft from J and /A 

I 1 lif % f*f a liiaiiijlt' die I tit $f and the perpenili- 
i s * f ffoin till' |#fr»ti,s4 atigk i»ii file ci|i|ioHitf %ide in 30 yardx; 
f ahiiiiitr I hr 


I 
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10. At two points A, B, an object situated in the same 
vertical line CE, subtends the same angle a. If A BC be in 
the same right line, and equal to a and h respectively, prove 


DE =z {a tan a. 


11. From a station B at the foot of an inclined plane BC the 
angle of elevation of the summit A of z, mountain is 60°, the 
inclination of .^Cis 30°, the angle BCA 135° and the length of 
BC 1000 yards; find the height of A over B. 

12. If a line^j^ subtends a right angle at the foot of a tower, 
and if the angles of elevation at A and B be 30° and 18®, 
respectively; prove 

height = — 

V^’+ 2 Vs 

13. A spherical balloon, whose radius is r feet, subtends an 
angle o, when the angle of elevation of its centre is ) 3 ; prove 

height ^ r sin (3 cosec J a. 


14. Find at what distance asunder two points, each 12 feet 
above the earth’s surface, cease to be visible from each other, 
the earth’s diameter being 7926 miles. 

15. ABC is a right-angled triangle, of which Cis the right 
angle ; if the angular elevation of a steeple at A from B and O’ 
be 15® and 45® respectively, prove that 

tanJ? = J{3i-3-l}. 


16. If the angle of elevation of a cloud from a point h feet 
above a lake be a, and the angle of depression of its reflection 
in the lake ^; prove 

height = 

^ sin (i3 - a) 


' 17. From the top of a cliff h feet high the depressions of two 
ships at sea, in a line with the foot of the cliff, are 5 , 8 ', respec¬ 
tively ; prove distance between the ships = k (cot 8 ' — cot 8 ) feet- 

18. Find the side of an equilateral triangle whose area cost.^ 
as much in paving, at 8 d. per square foot, as the paUisading of 
the three sides at ys. per foot. 
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. 19. The annual parallax of the star a Centauri is .75", and the 
radius of the earth’s orbit is 92,700,000 miles; find the distance 
of a Centauri. 

20. A right-angled triangle rests on its hypotenuse, the 
length of which is 100 feet; one of the angles is and the 
inclination of the plane of the triangle to the horizon is 60''; find 
the height of the vertex above the ground. 

21. A station at A is due west of a railway train at B; after 
travelling N.W. 6 miles, the bearing of A from the train is 
S.S.W.; required the distance AB. 


22. From a point on a hillside the angle of elevation of an 
obelisk on its summit is a, and a foot nearer the top it is )3; if A 
be the height of the obelisk, prove inclination of hill to the 
horizon is 


COS"^ 


a sin ct sin )3 1 
h sin {)8 — a) I * 


23. A, By Care telegraph posts at equal intervals by the side 
of a road; r, t' are the tangents of the angles which AB, BC 
subtend at a point P\ and Z’is the tangent of the angle which 
PB makes with the road; prove 


2 

"Tf, 


1 

T 


I 

t' 


24. A balloon is ascending uniformly and vertically; when it 
is one mile its angle of elevation is a; and 15 minutes later it i.s 

; find the rate of ascent. 

25. What is the dip of the horizon from the top of a moun¬ 
tain 2 \ miles high, the earth’s radius being 3963 miles ? 

26. Resolve a right-angled triangle, being given the hypote¬ 
nuse and the bisector of the right angle. 

27. Resolve a right-angled triangle, being given the radius 
of the inscribed circle and the bisector of the right angle. 

28. Resolve a triangle, being given the three angles and one 
of its altitudes. 

29. Resolve a triangle, being given the angle A, the altitude 
hy and the corresponding median m. 

30. Calculate the angles and the area of [a trapezium, being 
given the parallel sides and the two diagonals. 

12 ^ 




tib 
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31. Two inaccessible objects A, JB arc observed from two 
stations C and D, 1124 feet apart; the angle ACB is 62° 12', 
BCD 41° 8", ADC and ADB 60°49'; find the distance 
AB, 

32. If the smi’s altitude be 47°, what angle must a stick make 
•with the horizon that the length of its shadow may be a maxi¬ 
mum ? 

33. A person travelling along a road takes the altitude of a 
tower, and also its angular distance, from an object in the road ; 
the former is a° and the latter ; prove, if d be the nearest 
distance of the lower from the road, that its height is 

d sin a 

Vcos (a -i- cos (a - 

34. A balloon seen from a certain station has an altitude of 
50'’, and bearing N.W.; what will be its bearing at a station 
south of the former, when the altitude of the balloon is 30° ? 

35. Three stations A, B, C lie in a right line from south to 
north in the order given ; if 0 , <p denote the angles subtended by 
AB, BC, respectively, at a station D, prove that the bearing of 
B from D west of north is 

_ iBCeet<b — ABeet 0 \ 

“‘H- -AC -]■ 


iSI 

t • I 

/ b 

ifli 




ANSWERS TO EXERCISES. 


Exercises. —XII. Page 39. 


2 . 

(1) 2.1072100. 

(2) 

2.7092700. 

(3) 5051500- 

3. 

(I) 1.9084852. 

(2) 

3.3398491. 

(3) .3856065. 

4. 

(i) 2.5352940. 

(2) 

3.3803920. 

(3) r.2254900. 

5. 

1°. (I) 4.3167252. 

(2) 

2.6354839. 

(3) 1.9912260. 


(4) 2.8363240. 

(5) 

-2375439- 

(6) 7.5263393. 


2°. (i) .8116246. 

(2) 

.7090810. 

(3) -3598681. 


(4) •4322143- 

(5) 

.2945469. 

(6) 1.6153521. 


3”. (I) 7.6505150. 

(2) 

1.6192803. 

(3) 7.4644438. 


(4) 4-9736780. 

(5) 17.1162465. 

(6) 1.2631696. 


Exercises.—XIII. Page 

43- 

1. 

A = 58'’ 14' 54", 


31° 45' 6", 

c = 286.95. 

2. 

A = 36® i' to", 


36'' 58' 50", 

c = 150.8. 

3. 

A =36® 52' II", 

£ = 

SS” 7' 49", 

€ ~ 20. 

4. 

A =z 42' 0", 


85" 18' 0", 

6' .-s: ISO. 

5. 

A = 85® 14' 0", 

= 

4° 46' 0", 

6- = 4650. 


-A 
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Exercises.— XIV. Page 44. 


1. 

= 53° IS' 

7 ", 

B = 36° 44' S3", 

= 1312.7. 

2. 

^ = 63“ 6' 

10", 

B = 26“ S3' so", 

^ = 171.46. 

3 . 

.4 = SI" 24' 

IS" 

35 ' 45 ". 

733 I- 7 - 

4 . 

-4 = 56° 3 ' 

0", 

.5 = 33 ° 57 ' 0", 

b = 4832.4. 

5 . 

^ = 27° lo' 

35 ", 

B = 62° 49' 25", 

1542.55- 



Exercises.—^XV. 

PACiK 45. 

1. 

5 = 391 - 79 . 

c = 935.00, 

b 

b 

0 

il 

2. 

5 = 4832-4. 

c = 8653.1, 

- 5 = 33 ° 57 ' 0". 

3 . 

d = 474.07, 

c = 504.99, 

B = 69° 50' 43". 

4 . 

5 = 675.30, 

^ = 929.00, 

5 = 46° 37 ' 34 "- 

5 . 

b = 1.4610, 

1.70457 

- 5 = 58° 59 ' 34 "- 


Exercises.—XVI. 

Page 46. 

1. 

«= 135, 

i= 154-27. 

B - 48“ 48' 43". 

2 . 

= 792, 

d= 1542.55. 

B = 62“ 49' 25". 

3 . 

a = 507, 

6= 784-42, 

- 5 = 57 ° 7'25". 

4 - 

a— 96.8412, 

5 = 191.13, 

79=63“ 7 '46". 

5 . 

a- 80.782, 

i= 193.96, 

B=6‘]° 23’ 22". 


Exercises.— XXV. Page 64. 

IT W 

1 . 2«Tr 4 or ( 2 n +• l)‘jr — —. 

2 - nir ± 

4 

3. mr + a. 

w 


4 . 
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Exercises.— XXVI. Page 65. 


2* 

3. 

4 . 

5. 

6 . 

7 . 

8 . 
9 . 

10 - 

IL 

13 . 


2 mr 

' T"' 

2«i + I ^ w 

: —r— w, or e — mr ± 

6 ’ ^3 


fiir 

e = —, or i 
2 ' 


: 2 nv H—. 

“3 


) = nir, or —nv + 

nw 2n7r v 

I = — or = -H-. 

4 5 " IS 

TT TT 

> = 2«7r H-1- - . 

“3 4 

, ^ TT nTT 

) = (2« + I) or = —. 

(2«+l)ir (2»+l)ir (2»+l)ir 

’ = —75—’ °’^ =-8-’ "=-6- 


$ = 2 mr + 


fl = (4« - I) or = ( 4 « - I) 

, ^ TT 2Wir . TT (2« + I)fl' IT 

, = (.„ + X) or = — + or = 


Exercises .— ^XX VII . Page^6 7. 


1 . 

3 * 

3 

4. 


J = WIT + 


0 = Wtt ± 


l=«x±^. 


0 = WIT ^-• 

~ 4 
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0 . 0 nr. or — 2/nr + 

7 ‘ -» 


6 . 

ft 


7 . 

r 

0 — nr + —. 

3 


8 . 

0 =r (« + Dtt, or 

ttr r 

- — f — . 

9. 

0 = nr -h 

- 4 


10 . 

r 

0 = 2nr + —. 

X ^ 


11 . 

r r 

0 + nw + 

4 “ 5 


12 . 

r 

0 nr , or 

4i 

«w. 

13 . 

0 ~ 2 nr + or 

( 2/1 f I| » 

14 . 

^ nr r 

0 'rz • . -h .. . 

2 " 24 


15 . 

r 

0 =' 2nr 4 * r* 

““ 6 


16 . 

$ =■ 2nr +• 

3 



Exercises.— XXVIII. I»a(;e 68. 


11. 

X 3» 4 /I, 


12. 

- ' (S - 2 

17 


18. 

I 

JT a - t or 

6 


14. 

« -4 ^ 

^ iA > J 

I — 

X m 0, 
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Exercises.— XXIX. Page 72. 

TT ^ —sin a\ ^ sin a\ 

1-3. x = 2 nv+-; ;v = tan-^(-r); .af=tan"M-). 

2 \cosa — oJ \n + cosaJ 

. / N‘3*’ • i/ cos<z\ 

4 . X = izn + i) —, or sm-^ f +-|, 

2 \“ V2 / 


5 . .r = ~. 

4 

6. X = WTT, or tnn^x = 


I 4 -Vi? 


Exercises.— XXXVI. Page 99.’ 


1 . 

5= 542.850, 

= 595-638, ^ 

= 7° 21'. 

2. 

*= 331-657, 

c= 392.473, C 

=54° 18'. 

3 . 

&= 567.688, 

c = 663.986, C 

=55° 20'- 

4 . 

*= 630.771, 

c ~ 929.480, A 

= 77 “ o'. 

5 . 

^ =z 5686.00, 

^ = 5357-50, -S 

= 56° 56'. 


Exercises.— 

-XXXVII. Page 

102. 

1 . 

i?= 46® 52' IO'% 

C= iii° 53' 25", 

c = 883.65, 


or 133'^ / 50'^ 

or 25'’ 37' 45". 

or 411.92. 

2 . 

51" 9 ' 6", 

C= 87° 37 ' 54 ", 

c = 116.82, 


or 128® 50' 54". 

or 9° 56' 6". 

or 20.172. 

3 - 

JB = 24 » 5 i'S 4 ", 

6"= 133° 47 '41", 

t: = 615.67, 


or 155® 2' 

or 3° 43' 29". 

or 55.41. 

4 . 

A = 66® 5' 10", 

C= 45“ 44'26", 

c = 65.696. 

5 . 

^ = 42° 53' 34", 

C= 77 ° 5 '54", 

394 S 3 * 
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Exercises.- 

-XXXVIII. 

Page 

103. 

1. 

A = Ss" II' 58", 

S = 79° 36' 40", 

= 61. 

2. 

A = 32° 28' 19", 

B = 21® 19' 

27", 

^ = 7713*3* 

3- 

A = 67° 28' 51.5" 

, ^=57° 19' 

5-5^ 

<;= 18.41. 

4. 

A = 136° IS' 48", 

£ = 31 ° 9' 

4"f 

d: = 2.69. 

5. 

^ = 133° 51' 34". 

B=n° 59' 

10", 

d: = 2479.2. 


Exercises.— XXXIX. Page 105. 


1. 

.4 = 35° 18' 0", 

B = 76° 18' 52", 

6'= 68" 

00 

2. 

A = 23° 32' 12", 

B = 56° 8' 42", 

6:= 100" 

19' 6". 

3. 

A = T 37' 42". 

^=61° 55' 38". 

no" 

26' 40''. 

4. 

^ = 42° 30' 44", 

-S=49° 25' 49", 

6:= 88" 

3' 27". 

5. 

= 33° 15' 39". 

B = 50° 56' 0", 

95" 

48' 2l'\ 

6. 

-4 = 37° 22' 19", 

^=38° IS' 41", 

^7= 104" 

22* 0*'. 


Exercises.— XL. Page 105. 


1. 

II 

47' 

45". 

B ^ 32" 

12' 15'', 

C=i3. 

2. 

II 

37' 

i8", 

21" 

28' 42-, 

£7=590.92. 

3. 

B = 90° 

0' 

0". 

67= 72" 

0' 0-, 

c =3^(5 +2 Vs- 

4. 

^=45° 

0' 

0", 

67= 120" 

0' 0", 

c =SV'(6-f5''3- 

7. 

20 V3 acres. 





11. 

6, 21, 


144 TT 

Sojt. 
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Exercises.— XLL Page i i 3. 

1. 124.26 feet. 

2. 180 feet. 

3. 250 V3 yards. 

4. 4 miles. 

5. 30°, 40^3^^. 

6 . 25 V 51 feet. 

7 . If the sides of the triangle be denoted by a, b, c, the 
height of the tower by h, and the angle ADB by S; then 

— cO' — 2 V [d^ + h^) cos 5 . 

9 . 20 V3, 60, 40V^3. 

11. 500 ( 3 + ^^ 3 ). 

14 - 6 V2 miles nearly. 

18 . 42 V3 feet. 

19 . 50988708000000 miles. 

20. 25 V3 cos 18®. 

21. 6 miles. 

4sm()3-a) .. . 

24 ;. —L—™-' miles per hour, 

sin a cos ^ ^ 

25 . 2° 2' 22". 

31 . 14594 ^oet. 

32 . 43 ”- 

34 . N.N.W. i N. 
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XATURM. SIXICS, 

KTr, 


J 

SINK. 

.SECANT. 

TANCKNT. 

i 

! 

1 

O.fXXXXXX) 

I .OtXXXXiO 

O.CKlCXXXX) 

cxy* 1 

jO 1 

0.0174524 

I.OCX) 15 23 

0.0174551 


2^ ' 

0.034H995 

I .cxx>()cx ;5 

0.0349208 

H,H* 1 

r 

0.0523360 

1.0013723 1 

O.052407H 

K7’ ; 


0.0607 

1.0024419 ; 

o.oi >9926.8 

86'’ ! 

5 ° 

0.0871557 

I.003BI98 j 

0.0H74H87 



0.1045285 

i 

1.0055083 1 

0.1051042 

af 

yO 

0.1218693 

i.<X)75CXjtH 1 

0.1227H46 



0.1391751 

i.fx> 9 H 276 1 

0.140540H 

82" 

9 " 

o.I 5 ^ 34 S 

1.0124651 ; 

0.1583844 

KT’ 


o.i 73 f> 4«2 

1.0154266 1 

0.1763270 

80" 

ir 

0. 

i 

1.0187167 1 

0.1914803 

79 " 

1!! 


0.2079117 

1.022340I1 i 

Cl.2l2-i566 

i 3 « 

0.2249511 

1.0263041 

0.23081182 

77 

I 4 ^‘ ‘ 

0.24192 to 

1.0301036 

0.249 pH) 1 

76 ' 

! 

1 

0.2588190 

«. 03527''2 

0.2679192 j 

! 

75* 

16’’ 

0.2756374 

1.0402994 ; 

j 

0.2867454 1 

' 74" 

If 

0.2923717 

I.04569iH ; 

04057^67 ■ 

73 ’ 

IH" 

1 0.3090170 

1 1.0514622 

0.3249197 ; 

1 7.1 ‘ 

19 ” 

0.3255682 

j 1.0576207 1 

o.pHSjii J 

i 7 *’ 

20'’ 

0.3420201 

1.0^141778 i 

1 * 

6.36397112 : 

i 7 fX 

21* 

o- 35 « 3 f '79 

1 i 

i 1.07114^9 1 

0. |K |H6,.|f) 

1 f» 9 ’‘ 

22'* 

o. 3746 fX >6 

1 «-<> 7 ><S 347 I 

0.401026;! 

1 m '* 

2i” 


1.0863604 

cj.42||;|H , 

i 67 ^ 

24-* 

0.4067366 

i 1 

0.4152217 

6f6 

25” 

0.4226^183 

1 «-iOi. 577 <i 

0.4663077 

6S’ 

26" ^ 

0.43K3711 

f.II 2 fiC>l 9 

0.4877 i26 

li.|* 

27" 

o. 45 .W >5 

1.1223262 

a.^fxiP vi ■ 

1,4’ 

2^ 

0.4694716 

1.1325701 

o. 5 ii 7 #H| 

ijr 

2 ff 

o.4H48fX)f# 

1.1433541 

o.smmt 

6 r * 

30 '* 

1 

o.50cxxxx> 

i 1. 1547^5 

1 

a. 577 iy 6 l 

iMf 

r 

COSINE. 

i '1 

I COSKCANT. 

C0TANO1MT. 






NATURAL SINES, ETC. 


125 



SINE. 

SECANT. 

TANGENT. 


30 

0.5000000 

1.1547005 

0-5773503 

60'’ 

31^ ' 

0.5150381 

i.x666334 

0.6008606 

59 ” 

32° 

0.5299193 

1.1791784 

0.6248694 

58" 

33 ” 

0.5446390 

1.1923633 

0.6494076 

57 ” 

34” 

0.5591929 

1.2062179 

0.6745085 

56“ 

35 “ 

0.5735764 

1.2207746 

0.7002075 

55 ” 

36“ 

0.5877853 

1.2360680 

0.7265425 

54 ” 

37 ” 

0.6018150 

I.2521357 

0.7535541 

53 ” 

38” 

0.6156615 

1.2690182 

0.7812856 

52° 

39 ” 

0.6293204 

1,2867596 

0.8097840 

51° 

40^ 

0.6427876 

J-3054073 

0.8390996 

50” 

41“ 

0.6560590 

1.3250130 

0.8692867 

49 ” 

42" 

0.6691306 

1.3456327 

0.9004040 

48“ 

43 ” 

0.6819984 

1.367327s 

0.9325151 

47 ” 


0,6946584 

1.3901636 

O.96568S8 

46® 

45 ” 

0.7071068 

1.4142136 

1.0000000 

45 ” 

46" 1 

0.7193398 

i- 43955<^5 

1-0355303 

44 ” 

47 ” 

0.7313537 

1.4662792 

1.0723687 

43 ” 

48^ 

0.7431448 

1.4944765 ; 

f. r to'6] 25 

42*^ 

49 ” 

0.7547096 

1.524253r . 

1.! 5050:4 

41 ^ 

50" 

0.7660444 

Tf- 555723 « 

' 0)175.36 

40^ 

51” 

0.7771460 

1-5890157 

r.2348972 

39 ” 

52 « 

0.7880108 

1.6242692 

1.2799416 

38° 

53 ” 

0-7986355 

1.661640X 

1.3270448 

37 ” 

54 ” i 

0.8090170 

1.70x3016 

1.3763819 

36” 

55 ” 

0.8191520 

1.7434468 

1.4281480 

35 ” 

56” 

0.8290376 

1.7882916 

1.4825610 

34 ” 

57 ” 

0.8386706 

1.8360785 

1.5398650 

33 ” 

58° 

0.8480481 

1.8870799 

1.600334s 

32° 

59 ” 

0.8571673 

1.9416040 

1.664279s 

31” 

60® 

0.8660254 

2.0000000 

1.7320508 

30” 


COSINE. 

COSECANT. 

1 COTANGIWT. 
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NATURAL SINKS, KTC. 



SINK. 

SKCAm'. 

TA.XOKNT. 


6o" 

0.8660254 

2.oor>ocx)o 

1.7320508 

36 " 

6i^ 

0.8746107 

2.0626653 

I .Hojo'ljH 

29^ 

62^ 

O.8H2O476 

2.130^9545 

I .KH07265 

28 ' 


O.80ICK365 

2.2r)268t| ^ 

1 962610;, 

27' 

64*^ 

0.8o87r).|0 

2.285i720 

2.o.“;(j \(f \ . 

20 • 

65^^ 

o.90C>3078 

2.366201(1 

2,1415009 


66^ 

0 - 9 J 35455 

2.458593^ 

2.2 |(|f^6K 


67" 

<h02O5O..|<^ 

2.5593047 

2.3556524 

:ir 

68^^ 

0.927 iSj<) 

2 .(> 694(»72 

2. 1750H69 

22 * 

6(f 

o. 9335 H(,j{ 

2.7901281 

2.(1050891 

21 ' 

70^ 

o. 9396 o 2 {> 

2.9238041 

s-T-irirri 

20’ 

71" 

0.94551K6 

3.0715535 

2.9042109 

19 ' 

72" 

0.9510565 

3.23(10(180 

3.6776835 

6- 

73 " 

0.9503048 

3.4303036 

5.2708526 

1: 

74 ^* 

0 . 9 (>! 2 (}J 7 

3.6279553 

3.4871111 

1(6 

75 " 

0.9059258 

3 .«^ 8 | 7 oi 3 

3.712050^' 

* . 

1 ?(>* 

0.9702957 

4 .^BS ^5 

4.0107809 

'1 

I 77 

o. 97437 f^J ! 

1 4.4154 ”5 

44314759 

13- 

^ 7 H" 

0.9781476 

|.8rirp7:^|^ 

4 . 7 cj 4 fj 3 oi 

12 * 

79 " 

0,98 r 627 2 

s.if 0:14^1 

5.14455 }6 

11 ' 

80" 

0.98 r 

5,7 ^87705 

5.671 2H18 

10'" 


0.987(1883 . 

: 6.3924532 

6.3137515 ^ 


82'» 

OJ)902(tHl ! 

[ 7.1852965 

7.11^^^097 > 


Sf 

0.9925462 1 

’ 8,205 50|c> 

H.I 4 .( 34»(4 ; 

7 


0 . 994^*9 . 

, 9.5007722 


1 0 

K 

0.9961947 

^ H.473713 

; H. 4 JC »52 1 

^ 5 

SO'* 

0.9975H* 

: ‘ 4 -i.? 5 S »’7 , 

^ I4.3cxil^fi6 

4 ' 

S 7 ’* 

0.998(1295 , 

, «<1.107323 
2 «.r,s 37 fj 8 


:r 

8r 

0.999sooh . 

28.636253 .■ 

;V 

8cf 

<)0® 

0.9W8477 

f.OCKXXKX* 

57.2<)K6«S 

Infiiiitc. 

57.2S<K)62 i 

r* 

o- 

r 

CO.HINK. 

1 

j COSECAI^T. i 

I i 

1 COT'ANOEMT. 

i 
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EXAMINATION PAPERS. 





I.-INTEBMEBIATE, 1870 . 

Examintr,-Ah<0¥. B. Wiixiamsdn, F/f.CM)., F.R.S. 

1. Show Imw i<> consfrurl ;«i a»|.(lcr sim.' h 

Construct an whast* sine Is ^", 

3 

2. Explain wlwf is nwniit by flic* rirciil.ir nieasinr <jf an an|»lt*, 
and fmd the citcular ineasinc ni 2 '* 

3. If hinjf - and sin /•* dnti llie vahitMif u»s(/l • 

4. Prove by fin- aid of a roiislria tirai die rqiLifioi! 

«js (/I • //} aisJi eos // | !4ii J mii //. 

Find what this fomiula fjfiainies -ff. if a/ //; C?} if /I . 

5. IKspre.ss (sii!/f shr'yipikyr;/! t a: " k f in it , .iinpli; • 
form. 

6. Find the simpk’Hf values f»l ^ and // wliij li ssirdy ffa* 
equations sin (3^/ ■ .|/»'| .C sin f;//-- Jj l 

7. In a riidtl-aiiplrd tnaiiyle, lieiiip oue siilr ami fh- 

opposite aiq,jk% slao’i how tri find llie frniaiiiiiip 

8. In a plane triaitplr, pivrri two ’Oftrs, and ifa* ,iit|,d!' 

oppofsite to* out* oI Iheni; show how llii* o iirnsjiiip ao* 

fouml ; pcjint out in what case the Sfiliilitai is ;ifiihi|,.p.ioiiH, atol 
when impress!him 

9. Bein^ itivcn two sides and the roiiLiini'd angle, show liow 
t(i determine the lentaining parts. 

10. In a pkne tfiaiiglr, prove tan — ami 

2 ^ I f V ... 

write down the correspcuifliiig forrtitiLi in Ifqy'irillitns. 

*11. U A + //•! 6’?-' t8o% prove 

ern^J -h cos2// + €€m^i* 4 2 1 m A an /i m% C i, 

•12. Prove that + «m J ’ 

*13, Solve the equation aiid filiow lltat oin- ot 

its root* givei an inipowlik* solution. 


r 
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II.—INTEBMEDIATE, 18B1. 

Examiner ,— Prof. Burnside, F.T.C.D- 

1. Show geometrically how sin 2and cos 2^ can be ex¬ 
pressed in terms of sin^ and cos A. 

2. Express sin^ and cos A in terms of sin2X. 

3. Express the length of the perpendicular drawn, from a 
vertex of a triangle to the opposite side in terms of the sides, 
proving any trigonometrical fonnxila made use of in deducing 
the result. 

4. Find the value of tair^ tam'^ j; 4- tan"^ + tan-^ J. 

5. Find the area of the triangle whose sides are 25 and 30 feet, 
and the included angle 54°. 

6. Solve the trigonometrical equation 3 sin:^ = ;2 cos^x. 

7. Express the radius of the inscribed' circle of a triangle in 
terms of its sides. 

8. Determine the relation which exists between the sides of a 
triangle in each of the following cases :— 

(i) sin^A = sin^i^ 4- sin^ C. (2) sin^ = 2 cos B sin C. 

9. In any triangle, prove 

a 5 

cos A + cos B=2 sin2 C. 

10- In any plane triangle, prove the formula 
tan B ^ 

tan C 4- _ ^2 * 

11. Find in its simplest form the area of the triangle whose 
sides are— 

V ^ 4- 7% V Va^ 4- 

12. Given tan {A + <2) =/, and tan {A - a )find sin 2A 
and cos 2A in terms of and y. 
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III.~.I3SrTEBMEI)IATE, 18S2. 
Examimr.—Viiov^ Crofton, F.R.S. 


1. State the formula for mu (A •! and deduce from if that 
for cos {A -h />'). 

2. Express cot A - tan A as a mononiiaL 

3. Prove that the value of siiE a I siir ^ - 2 *un a sin fi 

sin (a + 0 ) is unchanged, if ^ ~ a, ^ j8 arc put for a and j8, 
4 4 

respectively. 

4. Jdnd the area of the triangle whose side's am 12, 13, 5. 

5. Given the sifies a, d, and the vertical angle G, of a tri¬ 
angle ; express the length of a line liisectiiig that angle, am! 
terminated by the base. 

6. Given //, C, find the side r ; ahothc knglli cif the hisec*- 
for of c drawn from C, 

7. If in a triangle Jh- 2A ; find what relatitni exists Ijclwetfu 
the three sides. 

8. A line passes through the centre of an cc|iiiLiteral liiingk, 
ami is terminated by the «kfo»; if besf tin: segiiieiiPi info 
winch it is divided at the centre, and a a side of the triangle, 
prove 

1119 

x’’^ xy ^ rp* 

9. Explain the ambiguous case in the ioliitiori of triangles. 

Given A « 60A cr 5^ solve the trki’tfk% 

10. Two sides of a triangle are 700 and 5cx> yards, and the 
contained angle 72® 40" ; find the remaining angles; given 

log 9 = .9542425; log 2 « .JDIOJTO; 

Log tan 53® 40' » 10.1334356; Log tta la"" 46* m 9.3553167. 
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IV. I ATE, 1SS3. 

A!r<i///i>/#?v~“pROF. Lakmor, I). Sc, 


1. Drlnji* tlif* shii\ ainl (an^^rnt ofaii auf^lt*, and .show 

Ijow lln-y diflt'-r liuiii tliMHt* tilTlu* same anj'lc plus two 

■Atiglvs, 

2. Prove siii {/I | A, sin A vn;,/: i nn; A hln/L l-’indthe 

rcsiills of wiitiiig-. 

(i^ pfi t J ihr A, (2| ti(} - A for //, in this formula. 

j, IsKprrss ill ilirriiiials tlii* imu of a rt*|.pilar pt;nta|fo« whoso 
■ude* i*i our.' fool. 

4. A lowrr *4ildriid :m atii'lo of 4:;' at .1 certain jpoint in 
4 It‘Vi'1 plaiii, and an aiii.d*- f#l Jo’at another point, wluch is 
IC» fcrt iiiofr fli'4;tiif ffoiii if ; liinl ils bdj*!it. 


.V Prove 
Sijiiplify 


tun /« f III f tali (u -~ 0 } . 

cos 2ft + coH 2$ 

cos ^ (a I |IJ 1 (a ■ 0} 

tas I |« I 01 ifc* J {a 0)' 


0. Prenr iliaf lltr It of tlir c iri'«inffreiH*e of a circle lies 
hetwertt liioM’ c4 an iiia filtcd and t m yiriHrrili"d poI} 4 ^on; Iience, 

lakiitg poljpotr*-. it) of F sidtrs, and |2) of I2 sides; find 

Ibi? liiiiils hf-|%vrrii uhi* li w niiinl lie. 

7. Ciivtai tali /I ■ find t;tri to four decimal places: 

.icinmnt for tlir diiiildr irsiill. 

H. I’a.pn ' ■. tie ’irr of an iit fr'i'iiri of the sides. If the 

adr' .#!» 7. P o, find lie* iie ol Ite po ill >f airde 

rp (icon th» lo a aoff < <4 a ipiaduhtf tal, and one angle; 

Pilhi, how to liiei tie u!le 1 aipA , 

10. 1 |jr twu > of a liitfiph ao' and Infect, and the 
< fififalli" d olipl* i> I/O ; liiid tla- I OgTi rd lie* leitip and tin: 
Iriiglh ol lli* 4lf.4|tlif liiir la ‘ffiU‘4 lip vi riioil angle mid terml- 
iiatei h)* fiii* h.i radi to Itt'o | 4 ,if f% of deiintak. 

*• 
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•V,~WOOL"W'IOH---‘-Prciiminary, Jtm©, 1882. 

1. Prove that the anisic hubtcntled at the centre of a circle b\ 
an arc equal to the radius invariable. 

2. Define the secant of an angk% anil apply your definition tu 
angles in the third quadrant. 

3. Obtain a formula eraliracing all angles hiving a given tan¬ 
gent. 

Determine all the values of 0 which satisfy the equation 
i f- Vj . tan*^ (1 I tan 0. 


4. Find an expression for tanj/l in teniis of i.in /I, and show 

that tan $A . tan 2A . tan A tan - tm 2A - tan A, 

5. Prove Kin'\d^ - 54 l **^^^*1 show that in any circle, 

the chord of an arc of loB' equal to the Mini ol the cliords of 
arcs of 36"* and 60’. 

(}. Demonstralf tlie idifutitics 


cosec A i six’A ^ 

cosecOl -p hi'c-A 

7. What are thr advaiitagtn gaiinecl by ilii.’ use of logarithm^ 
calculated to the base 10? 

If logio 2.joioqofi. fnid logni 5, logioil;., loginq/'OO^, 

8. Ju any tiiauidot prove that 

, , ,, I I roHl/f - Ai f OH c7 tr f 

2k: con A 

t q ctisf/f - ( |i,:os/» #1*' 4 r" 

«l. If rj be the imliiis cT tlie crHcribed rirdi; wlikh loiidics tlir 
side ri of a triaugh* exlcnially ; fjrovt* 

A /; C 

' 2 


If a be the sidi* of a regiilar |ird)'i;oii of « ‘ddes, A\ r flic odii 
of its dr€iimsL’til«:d hiijiI iriscrilitrd cdnli-s; {iiove 

it ^ 

M 4‘ cot ., 

3 2/1 

10. Twodilcsof a tri.iiiglcMirc rcspeilivriy 2^fi arid imymh 
long, and conlain an angle of 54** Jh'24"; hiiil tlie oilict aiigli% 
having given 

Log cot 27'' ir ici.iHjsjjg; dilT. for f m .Jiocj; 

Logtetu2"af|.33292142; Ifigj v:: .,|77i2ij. 


f •. X AMI N A ‘I* H) X P A F !•: R S. 


I3i 


VI.-“WOOLWICH - Frisliiuiiwiry, Beo«mbor, 1882 . 


1. I'incI !u lliiiT 1 * 1 . 41 1' nf dcfiitial?-,, the r.idius of a 

I ndCj hi wliii.'li du ar«% 15111* fir, Imii;,', MiblciHi» at the centre 

2 . fa%‘c:ii .2H, 4t*lf,i'inini! tin: v.iliie of tail .|/l, and ex- 

1 * 1 ,lilt tlir £>l lilt* umbi^^rnty wliirli picMUts in your 

If suit. 

p f^iMve tliat 

|l| taiiH ! iot# ^ ; 


( 2 ) MX # •- tan § Liu j ; 

fjl ifi%2iF f 111% ? co*i l4fF o; 


(*1/ * ^ |. t4li"^ h %iir* I 


*|, SLife dwl |»rM¥i! llii* iiili!% bv i#l wtiii !i you <le- 

itiiiiirit’, liy iii%|irc:li!#ii, llir wile|»f,jt |fait at'the Ifigaitlliiii iif aiiy 
iiiiijil/fi. 

fiiuji lfi|' 4.0L I hm |.‘|L0I .L^i5|f|f^|; tilpl tflr 

, *#!'/riaoioL, 25. 

5. Ii * '/.i; J i r; ; A 15 » |jie;| .ill tlici |iarti 

* 4 ' fill' 

ti, i’lfi'l ill*, iji* 4l.«- -I diiiih’ of flic iiJ are 50, 

yci, rc%|ii:i:liVi:.ly, iLiviiig nivni 

I'L: b ,77^151 j; I.n;* t.ir% f| ; 4 slT. F :■* 


Imjio*.. lb/* at i ,4 oi vOid if‘* 

-jLj.I’! Ill 4 Li lb 14 ate ' .iiol 

I, o Iroi’,, »»l44 lie I* a'jLb ’4 Li 44* h* ill#* 

J‘i 1,4 tui.Mii” ; III if lie- h'l 4 lojifailii ri, Kfly fA%i 

.4 II.'% afi4 a4i;.*lf. 

II i'/|, #/i Imt llic LwiiiclcrM of llis Ibrirf’ r*ii,;riligfi 1 iiricn 

a IfLiiiidi' I iio.Vf' lli.4il 
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VII.—JUNIOR EXHIBITIONS fT.C.B.f, 1882 . 

JCxaminer., S. ^PC ay^ IeI.C -H. 

1. Construct an angle wlioHe Heeaiil jliall !k' 

2. A man is oljservet! to sulitrjul an angle <*1 ‘-‘P' 

proadiing lOO yards m-arcr to liiiii, lie siilileiids lo ; fiiid hv 

height and <!i.staiK*e. 

3. Prove that the distartre of the hcn hoii/oii iii miles i- 
VoTs)'//, when // is the height of tlir tihHoiver's ryr .ihovr tie* 

sea level. 

4. Prove that the area of a circle i« wr'S 

5. Solve the equation 

sin a* •! cos x 2 V'2 sin v . «os x. 

6. Prove the relation in a triangle 

asin(//“'‘ ('} i el} f t -•III fel - Aj o 

7. I'he sides of a triangle arr 2, t I ‘/j • tiiid llir .mglr- 

«. The sides of a triangk? aie J, 5, h ; firid file radii oi il.'^ 

scribed and ciremnsrribfd vkvlvs. 


y. Prove 


, t ,1 w 

4 tair^ « lair* . 

5 4 


lO. Two sides «, // of a Iriaiigh* urr ft* mrh fiflicr as r|: 7, ,ifi 4 

the included aiigk* is 64"' op litid Log la« | Ul 

log 2 *3010300; laigtaii 5;'EP|''f;: 10,11125,2IS* 
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•VIII.—JUNIOR EXHIBITIONS (T. C. D), 1883 . 
Examiner. —Rev. R. Townsend, F.T.C.D. 

1. Reduce to circular measure 11° 2Y ; and to degrees, 
minutes, and seconds, the angle whose circular measure is i-. 

2. Calculate in feet the distance at which a sphere, of a yard 
radius, would subtend an angle of half a minute to the eye of an 
observer. 

3. Given that ^ = r sin 0 ; q-r cos 6 ; find, in terms of 
/' and $, the roots of the equation 

= 0. 

4« Given that p= rsec 6, q— rtan0; find, in terms of 
/' and 6, the roots of the equation 

— 2^X •+ = O. 

5. Assuming the general formulae for cos {A ±B) and for 
sin (A ± in terms of the sines and cosines of A and B; prove 
from them that 

cos ^A = 4. cos^A — 3 cos and sin 3^ = 3 sin — 4 sin®.^. 

6* Prove, by actual involution, that 

(4C0S^X - 3 cosXp + (3 sin .^4 ~ 4 sin^A)^ = i. 

7. If d be the diameter of the circumcircle of the triangle 
ABC; prove 

a=:dsmAf d = dsmB, c = d sin C. 

8. The three sides of a triangle are 13, 14, 15. Calculate 
exactly the radii of its circumscribed and inscribed circles. 

9. Express the altitude ^ of a triangle in terms—(r) of the 
base c, and the two base angles A, B; (2) of the two sides 
a and b, and the vertical angle C. 

to. The head of the Nelson Column being supposed to have 
the altitudes a and j8, at the distances a and b from the foot of 
the O’Connell Monument, in the line joining the feet of the 
monuments; required the height of the Nelson Column ? 
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IX.—JUNIOR EXHIBITIONS (T. €. D.), 1884. 

Examiner.—V koy. E. Williamson, t\T.C.D. 

1. If tan .^4 = 2 — V3 ; find the value of tan ^A. 

2. Find the simplest form of the expression 

sin d - sin 3 ^ + sin 5^ 
cos 6 — cos 30 + cos 50’ 

3. Find the value of x which satisfies the equation 

tan-^ - + tan"^ ~ H- tair^ - = 
a h c 2 

*4. Find the real and the imaginary parts of the fraction 
cos a -f V- 1 sin a ^ 
cos^ -f V- I sin j8 


5. In a plane triangle, prove the fonmla 

= / 5 Z§Ii 

A/ s ,s— 


tan 


0 


and write down the corresponding logarithmic equation, 

^6. Explain the method of calculating the cosines of small 
angles, and find the value of cos 1° to five decimal places. 

7. Being given two sides of a triangle and its contained 
angle; show how to find the remaining sides and angles. 

8. In a triangle, being given 

«= 62, ^=123, ^=125; 

JB 

find the numerical value of cos —. 

2 

9. Prove, in any manner, that the trisection of an angle is 
reducible to the solution of a cubic equation. 

10. Find the area of a quadrilateral inscribed in a circle in 

terms of the sides. __ 
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